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Abstract

Many buckling design procedures for framed structures, having the possibility
of sidesway, implicitly encourage engineers to attain a state, where for any column,
considered as part of the frame, two buckling modes, sway and non-sway, occur

stmultaneously.

This research aims to develop a design methodology which takes into account
the stiffness and strength interactions between a beam-column and its surrounding
frame for both non-sway and sway modes. It extends past treatment of the elastic-
plastic buckling in a single mode to circumstances where more than one mode
contributes to the non-linear elastic behaviour and consequently elastic-plastic
failure. To capture the multi-mode buckling behaviour it is shown that more than
one imperfection must be considered. Two interrelated approaches have been

developed.
Theoretical developments aim to provide:

» general expressions for calculating the rotational and translational stiffnesses

of an idealised sub-frame to be employed in the general analysis procedures;

» complete Eigenvalue analysis for the column, where the stiffness of its

surrounding frame is taken into account;

» generalisation of the Ayrton - Perry analysis for elastic-plastic buckling to
the case where two active elastic buckling modes, controlled by two independent
imperfection parameters, are involved. This requires development of a new

simplified design procedure;
* computer software suitable for providing a simple, convenient, but accurate
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design for single or multi-mode buckling.
An experimental programme has been designed to:

 provide a force controlled test rig which allows independent control of

vertical and horizontal load levels required to cover a wide parametric range;

« allow an extensive test programme on different frame geometries to assess
the validity of the theoretical model developed for both sway and non sway buckling

modes.

An assessment of the provisions in existing design procedures for multi-mode
buckling shows that even where this is treated, it provides an inadequate prediction
of buckling capacity. The alternative model developed is suggested to provide a

practical and realistic method for multi-mode buckling phenomena.
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Notation

A summary of the more important symbols used in the text is presented here.
All symbols, however, are also defined as they first appear in the text.

A Cross-sectional area.

A, Arbitrary constant of the solution of the differential equation.
A, Ratio between an arbitrary constant A4; and A, .

C Rotational spring constant.

c Distance of the extreme fibres from the centroidal axis.

E Elastic modulus.

e Eccentricity of the applied load.

E, Reduced modulus.

E Slope of the stress-strain diagram in the strain hardening portion.
E, Tangent modulus.

H Horizontal load.

I Moment of Inertia.

K Translational spring constant.

k, k., yP[EI, /P JEI .

L Length of column.

L, Effective length (=yL).

M Total bending moment.
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ci

cn

cs

Linear bending moment.

Equivalent moment.

Equivalent moment due to end moments in the absence of transverse

forces.

Maximum end moment.

Largest bending moment in the column due to transverse loadings.
Plastic moment of capacity (= So )

Plastic moment capacity in the presence of axial load.

Strength of the member under bending moment alone.

Yield moment (= Zoy).

End-resistant moments.

End moments in a general mixed system of loading obtained from a

linear analysis.
Axial load.

Buckling load.

The lowest elastic critical load.

~

Dimensionless ratio of the first two coinciding critical-loads (: < ]

P y
Elastic critical load of the i™ critical mode.

Elastic critical load of the column as a part of a frame without sway
(braced).

Elastic critical load of the column as a part of a frame with sway

(unbraced).
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P, Euler load.
Pﬂ, First hinge load.
Pfy First yield load.
P, Tangent modulus load.
P, Axial compression capacity of an axially loaded column proposed by
design codes.
Py Squash load in the absence of bending moment (= ¢ yA ).
Dy D, Non-dimensional load at first yield and full plasticity | = —=, —= |.
P y P,
. . o .. cs Pcn
P.> P, The first two non-dimensional critical loads [ = ——, P
P, y
q"(x) Transverse load in a non-proportional loading system.
q?(x) Transverse load in a proportional loading system.
r Radius of gyration; dimensionless constant (= . ).
El/L
S Plastic section modulus.
T Tangent modulus (=do/de).
. . K
t Dimensionless constant (= ).
ElL?
u, w Beam-column displacement components.
w Total deflection.
w° Equivalent initial deflection.
W, Amplitude factor of the i ™ critical mode.
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Qs &y Oy

Modal non-proportional loading imperfection.

Modal geometric imperfection.

Modal proportional loading imperfections.

ith

load.

amplitude of proportional loading imperfections for a unit axial

Local rectangular Cartesian coordinates.
Global rectangular Cartesian coordinates.

Elastic, plastic section modulus.

Numerical coefficient characterizing each one of the SSRC column
design curves; Robertson’s constant; curvature parameter associated
with the sway critical mode.

Parameters relating the axial load and bending moment in the ultimate

strength method for non-rectangular cross sectional shapes.
Effective length factor.

Curvature parameter associated with the non-sway critical mode.
Measured deflection obtained from experimental results (= w-w?).

Axial strain.

Modal equivalent imperfection factor (= w,”+w+w,").
Factor involved in the stiffness of the theoretical model (= EL/L,).
Angular rotations.

Slenderness ratio.

Limiting slenderness ratio when o, = o, (=n/E/ a, ).
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ps’ pn

.y P

Dimensionless slenderness ratio (= A/ ).
Elastic critical load factor.

Failure load factor of an elastic-plastic structure.

Limiting slenderness ratio (= m,/E_[o y ).
Idealized rigid-plastic failure load factor.
Total modal equivalent imperfection.

Imperfection parameter.

Elastic dimensionless imperfection parameters corresponding to the

sway and non-sway critical modes.

Elastic-plastic dimensionless imperfection parameters corresponding

to the sway and non-sway critical modes.
Average compression stress (= P/A).

Average Euler stress(= P /A).

Axial compression stress capacity of an axially loaded column

proposed by design codes.

Proportional limit stress.
Yield stress.

Characteristic function of the i™ critical mode.

Normalized characteristic function of the i critical mode.

Curvature.

Xvil



Chapter 1

Multi-mode Buckling Phenomena

1.1 Historic Highlights of Buckling

The behaviour and design of steel members and frames has long been the

subject of research for a number of researchers.

Regarding the strength of struts, the first paper was published in 1729 by Van
Musschenbroek'. He recognised that the strength of a long column relates inversely
to the square of the column length. His work was empirical, based only on

experiments.

Euler, in 1759, published his famous paper where he investigated the elastic
stability of a centrally loaded isolated strut using a mathematical approach which is
known as the Bifurcation or Eigenvalue approach. Under the assumptions that the
member is perfectly straight, the material is fully elastic and the deflection is small,
a linear differential equation can be written based on the slightly deformed geometry

of the member.

The eigenvalue solution which emerges from the characteristic differential
equation gives the critical load of the strut. This load appears when bifurcation of
equilibrium takes place. At this level of load, the originally straight member ceases
to be stable. At and above this load a small lateral displacement will no longer
disappear when the disturbance is removed. This load, is referred to as the critical

load or Euler load, and is given by

P, - n’E] (1.1
(KL)?

where :

I is the second moment of area of the cross section
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L :  is the unbraced length of the member
K : is an effective length factor to account for the end conditions of the
member.

This formula gives a good prediction for the behaviour of slender columns
provided the axial stresses in the member do not exceed the proportional limit, and

the member remains fully elastic.

Although the most recent developments have been based on Euler’s formula,
there was considerable debate following its establishment. The experimental work
at that time showed that columns not only bent from the onset of loading but also
failed under loads much less than Euler’s limiting load. Investigators following Euler
soon abandoned his formula concentrating instead on stocky columns for which the
onset of plasticity was the controlling influence on buckling. However, little

additional progress was made for the next five decades.

It was Young® in 1807 who realised that if the column was originally bent,
any axial load, however small, would increase the curvature. He attributed all kinds
of irregularities observed in experiments to unavoidable initial strut curvature,
material non-homogeneity and eccentricity of loading. He pointed out that under
Euler’s assumed conditions the column should remain straight even if the load

should exceed the critical one.

Furthermore, he established formulae giving the total deformation of the
axially loaded strut in terms of either the initial deflection or eccentricity. In

conclusion he derived a load limit at which struts would crush rather than buckle.

In 1845, A. H. E. Lamarle® pointed out that Euler’s formula should be used
only for slenderness ratio beyond a certain limit and that experimental data should

be relied upon for smaller ratios.

The most important and essential development in buckling was actually done
in 1886 by Ayrton and Perry®. They found that the effect of eccentricity is the same

as that of the initial curvature, and any probable want of homogeneity in specimens
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might also be accounted for by a term of the same kind. So they suggested an

equivalent initial deflection, w?, to be taken into account. Under the assumption

that w? has a sine form in a column, they found the total deflection to be

P (1.2)

where P is the axial force and P, is the Euler load. They rearranged Eq. (1.2) as

Py

1.3)

1
P

<

1 1
o} w?e

where 8 = w -w? is the measured deflection at the mid-point of the strut obtained

from experimental results, and they noted that Eq. (1.3) represents a linear

relationship between 1/8 and 1/P, allowing experimental evidence to be interigated

to determine the controlling critical load P, and equivalent imperfection w°. This

approach later recast by Southwell (1926), was used by Ayrton and Perry to
reinterpret and explain many of the earlier experiments on strut buckling, such as
those of Hodkinson® (1840, 1857, 1860). As an index of buckling they limited the
total stress on the extreme fibre of the cross section (sum of stresses due to axial
load and bending moment), to that of the yield stress of the material. The buckling
strength, P, of the strut calculated by this procedure, was found to be a function of
the elastic critical load, P, (Euler load), the squash load, Py, (axial load required to
produce a plastic section in the absence of bending moment) and the equivalent

initial imperfection, p. This strength is given by the equation

(Pg-Pg)(P,-P,) = pP, Py (1.4)

Adaptations of this expression now form the basis of most modern codes of practice

on column design.
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In 1889, the French engineer A. Considere® performed a series of 32 tests
on columns. He observed that the stresses on the concave side of the column,
(according to explanations given in Appendix A, section A.l), increased with the
tangent modulus, E,, while the stresses on the convex side decreased with E. He
showed, therefore, why the Euler formula was not applicable to inelastic buckling,
and he stated that the effective modulus, E,, was between E and E,. Although he
made no attempt to evaluate the effective modulus, he is responsible for beginning

the reduced-modulus theory.

In the same year, quite independently, the German Engineer F. Engesser’
suggested the tangent-modulus theory (see Appendix A, section A.1). He denoted
the tangent modulus by T (=do/de) and proposed that for the critical load, T be
substituted by E in Euler’s formula. Later, in March 1895, Engesser again presented

the tangent modulus theory®, without knowing of Considére’s work.

Three months later the Polish-born F. Jasinski, then a Professor in St.
Petersburg, pointed out that Engesser’s tangent-modulus theory was incorrect, called
attention to Considere’s work, and presented the reduced-modulus theory®. He also
stated that the reduced modulus, E, could not be calculated theoretically. In
response, and only one month later, Engesser acknowledged the error in the tangent
modulus approach and showed how to obtain the reduced modulus for any cross

section'’.

The reduced-modulus theory was also presented by Theodore von Karman in
1908"" and 1910™. In the latter paper he derived formulas for E, for rectangular
and idealized wide-flange sections (i.e. sections without a web). He extended the
theory to include the effects of eccentricities on the buckling load, and he showed

that the maximum load decreases rapidly as the eccentricity increases.

The English elastician R.V. Southwell also presented the reduced modulus
theory. In his paper in 1912" he derived the theory using a modified length for the
column instead of a reduced modulus for the material. His work was independent

of the others although the basic concepts were similar. In 1932 he made a correct
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evaluation of the initial deflection w” used initially by Ayrton and Perry. Rearranging

eq. (1.3), yields

8§ = Por—-w° (1.5)

which shows that if values of & are plotted against &/P, they should fall in a
straight line, with an intercept of & axis equal to w? and a slope P,. In

experiments reported by von Karman for slender columns, the best fitting line for
each set of data was drawn and the slope of this line was compared with the Euler
theoretical load, where, a very close agreement was observed. This clever method,
apart from verifying the validity of what was found by Young and Ayrton and Perry,
is a convenient way of experimentally deducing the equivalent imperfection of a

column.

Having obtained the correct value of geometric imperfections, the strength of
a column can be calculated from the Ayrton-Perry formula, Eq. (1.4). A comparison
between this strength and the failure load obtained experimentally would then be the

only consistent approach of verifying the above formula.

The reduced-modulus theory was the accepted theory of inelastic buckling
until 1946, when the American engineer F. R. Shanley pointed out the logical
paradoxes in both theories. In a remarkable one-page paper, he explained what
was not correct with the generally accepted theories and proposed his own theory
that resolved the paradoxes. Five months later, in a second paper” he gave further

analyses to support his earlier theory and gave results from tests on columns.

1.2 Scene Setter

Buckling design analysis has been approached many years ago with the aim
to mainly assess the load carrying capacity of a given column on the basis of its

geometric and material data.
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In a brief description, the process, which can generally be followed on this
approach, for columns where there is just a single buckling mode actively controlling

their behaviour, could comprise as basic steps

a) In the theoretical field, based on the boundary conditions of an imperfect

column

1) The determination of elastic critical load for each mode. This load can be
obtained as the Figenvalue of the characteristic equation which comes from the
governing differential equation, written with respect to the deformed configuration

of the structure.
2) Tracing the curves which express

i) the total deformation of the column in terms of its total initial

equivalent imperfection (geometric, loading), critical load and current axial load,

ii) the deformation corresponding to a full section plasticity of the

column in terms of its squash and current axial load,

a close upper bound estimation of the buckling load at full plasticity can be obtained

as an intersection point of the above two curves.
b) Experimentally

1) In the elastic region, by recording the axial load along with the lateral
displacement, the elastic critical load and the effective imperfection can be obtained

through the Southwell Plot technique.

2) In the elasto-plastic region up to collapse, the maximum load carrying
capacity appears at the moment that comparatively large deformations have been

developed without any increase of the corresponding axial load.

However, in the design procedure of a structure, it is usual to design separate
components with a consistent factor of safety. This factor might be less than
expected if spread of plasticity along the member length is disregarded; nevertheless

this reduction is usually very low and reasonable because the structure is modelled
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in a manner that all the beams remain elastic, while in all columns the first plastic

hinges occur simultaneously.

This mechanism is considered to be a collapse one, although might still be

able to carry more load up to the actual collapse state.

While this approach is widely acceptable, there might be some cases, where,
under certain conditions, a situation can be developed, in which the separate
buckling modes actively interact with each other. This happens in the case of biaxial
buckling or in a column considered as a part of a frame having the possibility of

side sway.

These circumstances are not adequately covered by the present design
practice, where the whole mechanism by which failure takes place is not clear
enough. A lot of emphasis is put on slenderness of columns, where only linear
analysis is considered, whilst less attention has been paid to imperfections without

any reference in structures with more than one degrees of freedom.

1.3 Structures with one or more degrees of freedom

A structure that presents one or more degrees of freedom has by definition
a configuration which at any instant of time can be completely defined by one or
more independent co-ordinates, where one or more measurements are required, such

as a displacement or an angle.

In practice, virtually all structures usually require many degrees of freedom
to define their response. However, with some simplifying assumptions, many such

structures can be regarded as having fewer, or even only one, degree-of-freedom.

In the portal frame for example in Fig. 1-1(a), the swaying motion of the
rigid horizontal member is defined by the displacement A, and the frame can be
regarded as having only one degree of freedom. Similarly in the n-storey frame of
the same figure with horizontal rigid members, the structure is assumed to sway only

in its plane without rotation of joints. For a complete definition of the configuration
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(a) W% T
(b)

Figure 1-1

of the structure, n independent coordinates, (A, to A, inclusively) are required; thus
it has n degrees of freedom. Examples of one or two degrees of freedom could also
be the buckling phenomenon of isolated columns, regarded in one or two directions
(uniaxial or biaxial buckling), where the final configuration can be defined by one

or two coordinates respectively.

When buckling is considered in a structure possessing many degrees of
freedom, the resulting phenomenon may involve a muiti-mode buckling. Multi-mode
buckling phenomena may in turn involve a number of different forms of buckling

modal interactions.

1.4 Modal Interactions

As a phenomenon, buckling appears generally in beam-columns, where a

large number of modes takes place. The level of critical load is one of the main
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characteristics for each mode. The mode corresponding to the minimum critical load
is the most crucial from the point of view that it may substantially affect the overall
response of the beam-column. This response might also be partially affected by the
subsequent critical load, in particular when this subsequent value appears to be close

to the previous one.

To take an example, beam-columns always present a possibility of buckling
in two directions, coinciding with the two axes (major and minor) of their cross
section. These two directions are identical with the column’s so called ‘two degrees
of freedom’ in the sense that the column may buckle in planes containing these
directions. Depending on the geometry of the beam-column and specially of its cross
section, the levels of the first critical loads, corresponding to each one of these
directions, might be different or close to each other. For identical boundary column’s
conditions and significant difference of critical loads, the critical buckling mode is
the one about the minor axis; the overall design, based on the characteristics of the
column with respect to this axis only, leads to the buckling strength of the column,
while a large amount of the buckling resistance about the major axis remains
unutilized. However, in the case where the critical loads of the two directions are
close to each other, (and this is a point that structural engineers normally pay

considerable attention), a simultaneity of buckling might occur about both axes.

An interaction of both buckling modes which takes place here, results in a
possible reduction in the load carrying capacity of the beam column. Depending on
the surrounding the beam-column frame and its boundary conditions, this modal
interaction might be weak or strong and take place as an elastic or plastic buckling
phenomenon. The following examples illustrate these cases, which are classified in

the subsequent subsections.

1.4.1 Elastic Buckling

The interaction here is taking place before the initiation of yielding in the

beam-column and might be either weak or strong.
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a) Weak Interaction

Consider an axially loaded column as a part of a frame having the possibility
of sway, or equally a beam-column subjected to biaxial buckling. Let us assume that

the first two critical loads in both cases are reasonably close to each other.

undeformed ¢
NS

Q9

Figure 1-2

Under a monotonically increased loading system, development of one
buckling mode does not affect the buckling of the second mode. Consequently
this case may well be considered in terms of the superposition of the contributing
modes. Fig. 1-2 shows the modelling for this case and the characteristic
deformations of the column for both degrees of freedom versus the applied axial
load.

The heavy curve, represents the resultant of the two curves made up of the
two deformations 0, and 0, separately. It has a projection on the P-0, plane, which

is very close to the 6, (say) mode, due to the weak interaction of the other (6,
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mode).
b) Strong Interaction

As a representative example of a strong interaction in the elastic buckling,
can be considered a radio mast built in the form of a space-truss. Here, the two
modes of buckling, expressed by the corresponding degrees of freedom, may be
represented as the overall mode, referring to the beam-column as a whole structure,
and the local mode, corresponding to each member of the structure separately, with
critical load values which are reasonably close to each other. Fig. 1-3 shows
schematically how these two modes relate to each other, while Fig. 1-4 provides the
basic modelling for obtaining each one separately and the characteristic deformation

of a local member participating to both local (6,) and overall (8,) distortions.

U

-
-
-

v, actual equil. path

—~——.  projection with interaction

—~—— behaviour with no interaction

-
-

Figure 1-3

Once again the heavy-line represents the resultant of the interaction between

the two deformation modes (overall and local); it has projections onto either the P-6,
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Modeling

Overal Local

Figure 1-4

or the P-6, plane, that are very different from those that would occur (shown dotted)
if either one of these modes were acting alone. This is in contrast with the behaviour

exhibited in the example of Fig. 1-2.

This is an example in which the development of one mode (the overall
mode) generates additional axial compression force which exacerbates the
development of buckling in the second mode (local mode). Alternatively, this form
of strong interaction could be interpreted as a situation in which the development
of the second mode (the local mode) reduces the axial stiffness of the flange and
hence weakens the resistance to the buckling into the first mode (the overall
mode). Either way the modes interact strongly, with the effect that a highly unstable

form of imperfection sensitive buckling can ensue.

An important example of strong interaction between the overall and local
buckling modes, is believed to have occurred in the collapse of Quebec Bridge

(1907). The main frame of this bridge, having the form of a doubly braced truss
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buckling
E D —— 2 Portion of
=====i lower member

Section @

Overall buckling
(b)

Figure 1-5

shown in Fig. 1-5a, had at the supports, as lower compression members, beam-
columns built from flat strips laminated and tied together at discrete locations along
the Iength as shown in Fig. 1-5b. Due to the strong elastic interaction between the
overall and local buckling that took place on these single and composite members,
there was a reduction in the ultimate load carrying capacity with the result that entire

cantilevered span collapsed just prior to the completion of erection.

1.4.2 Plastic Buckling

The interaction here takes place after the initiation of yielding while the
beam-column shows an elasto-plastic behaviour and again might be either weak or

strong.
a) Weak Interaction

Let us again consider a beam-column as part of a frame which has the
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possibility of sidesway. For a certain stiffness of the surrounding frame, where the
first two critical loads are close to each other, if the column presents only non-sway
(out of straightness) imperfections, its plastic failure, as a result of the buckling
development in this mode, will not affect the plastic failure in the other (sway)
mode. This is because the plastic hinge (1), formed due to the maximum bending
moment, responsible for this failure, occurs at or near the middle of the column,

where the corresponding moment for the other mode is almost zero.

Similar thoughts can be applied for the case where the column presents only
sway imperfections, except that the maximum moments and consequently the first

hinge(s) (2), (3) occur at the end(s) of the column.

Fig. 1-6 shows the location of plastic hinge formation due to a separate

buckling development in each mode.

Therefore for a gradually increasing loading system, the plastic failure in

mode 1 has little effect on the plastic failure in mode 2.
b) Strong Interaction .

The previous case, in the presence of both imperfections has a different
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response. The maximum bending moment, as shown in Fig. 1-7, is affected
differently by each mode according to its associated imperfections; failure could be
initiated somewhere near the middle or at the ends of the column. In this case
therefore plastic failure in mode 1 could interact strongly with the plastic failure

in mode 2.

1.5 The Scope of this Project

The modal interactions discussed in the preceding section coupled with the
buckling developments by Ayrton and Perry lead to the conclusion that the main
parameter affecting the load carrying capacity of a given beam-column is its initial
imperfections and the ratio of elastic / squash load. The term imperfections involves
any physical shortcomings appeared at random in the beam-column, along with

deflections coming from any lateral loads and/or bending moments applied prior to



Chapter 1 - Multi-mode Buckling Phenomena 16

the application of axial loading. Unless these imperfections are properly taken into
consideration, there is no consistent approach for calculating the strength of the
column. In the absence of the above imperfections an axially loaded column is

merely a perfect column which fails due to either elastic stability or material failure.

Following this line of thought, in the case where a beam-column exhibits two
buckling modes, sway and non-sway, a fotal equivalent imperfection parameter
(TEI), that embraces both geometric and loading imperfections is introduced for each
mode. Based on this parameter, the design of the beam-column becomes consistent,

allowing interaction between elastic stability and plastic collapse.

The magnitude of geometrical imperfection is random, depending on the
manufacturing process and the quality of workmanship; the loading imperfections

can be evaluated through a linear analysis neglecting the effects of axial load.

The main objective of the present work is to provide a framework for the
evaluation of each TEI and its use in an extended form of the Ayrton-Perry formula;
this allows a more generalised form for beam-columns with two or more active
buckling modes. To this end special consideration is given to the development of

analyses that are sufficiently simple and might be used in design offices.

The historical developments on beam-columns and the shortcomings of the

current design methods are discussed in Chapter 2.

The concept of elastic buckling in idealized rigidly jointed frame models is
presented in Chapter 3. This involves the definition of several idealized models for
frame analysis, which may or may not include sway. The idealized model used for
obtaining a design formula in the sway case is also presented along with the case

of a braced idealized model.

In Chapter 4 the non-linear elastic response is related to that of the simplified
linearised model. This leads to the definition and use of each TEI which allows
complete specification of the non-linear elastic response of the column. A theoretical

background on imperfect columns is also added in this Chapter.
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The interaction between elastic nonlinearities and plastic collapse in the
presence of imperfections is outlined in Chapter 5. Presented in this Chapter is also

the generalized Ayrton-Perry formula.

Chapter 6 outlines the experimental procedure adopted for tests on a properly
justified frame model. It shows the possibility of predicting the collapse load through

a known imperfection parameter for each mode.

The experimental verification of this parameter through the Southwell Plot,
together with comparisons of test results with theory are presented in Chapter 7. The

theoretical results are obtained through an extended computer program made for this

purpose.

In Chapter 8 some existing design methods are outlined and a new simplified

procedure is proposed.

Final conclusions and recommendations for further studies are incorporated

in Chapter 9.



Chapter 2

Beam-Column & Frame Buckling

2.1 Beam-Columns under General loading

A member is termed a beam-column when it is subjected to both axial
compression and bending moment. The latter may arise from transverse loads acting
on the member, from couples applied at any section, and/or from end moments
resulting from eccentricity of the applied axial loads at one or both of its ends. In
a rigid jointed frame, this moment may be generated as a result of frame action in
resisting the applied loads. Before any discussion of columns as components of
rigid-jointed frames, a brief description on the strength of isolated beam-columns
will be developed. These columns are assumed to be under a known system of

loading, where the plane of loading is identical to the plane of actual buckling.

When a beam-column is subjected to a gradually increasing system of
loading, it initially resists the applied loads in a purely elastic way. However, when
the load reaches a certain level, called first yield load, the extreme fibres at some
location will start to yield. From this point onwards the section behaves inelastically
causing deformations at an ever-increasing rate. The maximum load carrying
capacity is reached when the member, having formed the first plastic hinge(s),

continues to deform at no increase of the applied loading.

Analytical solutions to the estimation of strength of such members have

followed one of the two methods:
a) The elastic method (working stress criterion) and
b) The elastic-plastic method (ultimate strength criterion).

The first method is based on the idea that a lower bound to the actual
collapse load can be realised by using the elastic limit value, whereas the second
method requires the determination of the actual load-deformation response of the

member in the elastic-plastic regime of behaviour under increasing applied loads.
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Aiming to clarify the difference the two kinds of analytical solutions, both methods

are discussed in the next sections along with some interaction formulae.

2.2 Working Stress Criterion

The problem of eccentrically loaded columns was tackled as a stress problem,
where, the axial failure load was considered to be that which caused at the extreme
fibres initiation of yielding. On the assumption that the material remains linearly
elastic up to the yield point, the deflection of the member can be determined in
terms of the applied load and its eccentricity. The action of axial load on the
deflection, however, causes additional bending moment. In the cross section where
the maximum bending moment of the member occurs, the maximum compression
stress in the extreme fibres is expressed by the sum of the stress due to axial load
and due to bending moment. In the case where the end axial loads P are applied

with equal eccentricities e this approach yields the so called Secant formula

o =§ 1+(—eﬁ)sec£ P 2.1)

where ¢ is the distance of the extreme fibres from the centroidal axis. Since the
formula in the absence of eccentricity is reduced to a pure compression formula, an
equivalent eccentricity e, is infroduced so that the effect of any initial imperfection

can be taken into account. The secant formula takes thus the form

Opax = £ 1+ m SCC—E- _P__ (2‘2)
A r2 2r AE

For the purpose of design, the average stress P/A is taken by limiting the
maximum compression strength to-the yield stress. By the same procedure, for the

case of unequal end eccentricities, a more comprehensive solution can be carried out.
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This was given by Young'® and is fully presented by Timoshenko'”.

The accuracy of the above approach for a practical estimation of the strength
of beam-columns has been checked by Austin'® for cases of equal eccentricities.
He assumed that the effect of initial imperfection for these tests would be negligible
and concluded that the first yield criterion may considerably underestimate the
ultimate strength of short beam-columns with solid cross sections bent in the weak

direction.

2.3 Ultimate Strength Criterion

In order to determine the ultimate load capacity of a beam-column the real
deformed shape has to be traced during the loading. This can only be done when the
relation between the internal bending moment and the curvature of the member has
been established. This relationship is linear for elastic behaviour of the column
otherwise it becomes non-linear. The internal bending moment, being the sum of
moments due to applied loads and due to the interaction between axial load and
lateral deflection, is a linear function of displacement. If this function is replaced
into the moment-curvature relation, a linear or non-linear differential equation can
be obtained, depending on whether an elastic or inelastic behaviour is assumed. A
direct integration of this equation yields the deformed shape of the column. While
this integration is straightforward for the elastic range, it becomes very complicated

when the column exceeds the elastic limit.

A considerable amount of research has been dedicated to the problem of
inelastic behaviour of beam-columns. Among the researchers who contributed to that
problem were Karméan' in 1910, who was the first to investigate numerically the
inelastic behaviour of rectangular cross sections loaded with small eccentricities. His
work was continued by Chwalla'® on columns with different loading conditions and

shapes of cross sections.

Jezek™ in 1936, was the first to develop an analytical method on
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eccentrically loaded columns of rectangular cross section beyond the elastic limit.
Assuming elastic perfectly plastic material response, he established the moment-

curvature relationship along the column’s length.

Horne® in 1956, following the same procedure, gives the moment-curvature
relationships of a rectangular cross section made of an elastic perfectly plastic
material, with a finite drop of stress at yield. Making use of these results he showed
the determination of the collapse load without having to resort to numerical

procedures.

Galambos and Ketter” in 1959, studied the ultimate carrying capacity of
pin-ended wide flange beam-columns. Following numerical procedures they
considered two loading conditions, where, a bending moment is applied only at one
end as well as equal end moments are applied to both ends. In their calculations a
symmetric residual stress pattern was assumed, but no use of initial imperfection was

made.

An alternative long-standing numerical method for the study of elasto-plastic
behaviour of beam-columns failing due to bending was given by the column
deflection curves (CDCs). In each family of these curves each one corresponds to
the equilibrium of a simply supported column with different length, deflected under
a constant axial load. If a suitable portion of the CDCs is considered, the different
deflected shapes of a given beam-column for the different stages of bending
moments can be obtained, provided the column’s axial load is the same as that of
CDCs. The concept of CDCs was first used by Kédrmén and developed further by

Horne and many other investigators.

The differential equation of equilibrium is usually expressed in terms of
lateral deflection of the column. For a direct integration of this equation beyond the
elastic limit, Chen and Santathantaporn® remarked that the curvature of an elastic-
perfectly-plastic column loaded eccentrically plays exactly the same role as the
deflection. This consideration allows simpler solutions for the maximum loading

capacity which may be obtained with fewer necessary steps. Theoretically obtained
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results of these curves were compared with existing solutions and a good agreement
was observed. Chen continued this work and later derived interaction curves relating
the axial thrust, lateral load and slenderness ratio with various values of end
eccentricities. Again this work was extended with expressions for the moment
expressed explicitly in terms of curvature for different cross sections including the

influence of residual stresses.

To solve the problem of elastic-plastic behaviour of beams-columns Chen and
Atsuta®® used column curvature curves (CCCs) obtained analytically in a similar
way to the CDCs. They also gave interaction relationships between thrust and end

moment for their ultimate strength.

2.4 Interaction Formulae

In the previous section several methods for obtaining the load carrying
capacity of a beam-column were described. Even for simple cases the solutions
required time consuming and intensive computational work. For this reason over the
past five decades different researchers have tried and developed other methods which

are considerably simpler and give solutions close to the exact ones.

The building codes, based on this line of thinking, make use of one or two
design procedures to determine the strength of beam-columns. To provide safe
combinations of the applied loads they use either charts (or tables) or interaction
formulae. These formulae relate the ratios P/P, and M/M, where P and M are the
axial load and bending moment at failure respectively, whereas P, and M, are

appropriate measures of the strength of the member under respectively axial load or

bending moment alone.

If the design aims to attaining the first yield, then P, and M, should be taken

as the first yield conditions. For an ultimate load design, P, is taken as the ultimate

axial strength of the column, P , = 0,4 the corresponding axial strength suggested
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by codes, and M, is taken as the full plastic moment M,

In a slender beam-column under a loading system where P is the axial load
and M’ is the maximum primary bending moment (obtaining from a linear analysis
without the effect of axial load), the theoretical upper limit of thrust P will be the

elastic critical load P,. An axially loaded column, failing at load level P,, will lead

us

to a design criterion P/P, < 1. On the other hand, in the absence of axial load, the
strength of the beam-column will be influenced only by the primary bending
moment, thus yielding the design criterion M I/Mu < 1. In a combined action of

axial load and bending moment on the beam-column, an interaction formula of the

form

f(§ %’) ‘1 @3)
u u

will govern the strength of the beam-column at failure. Formulae based on Eq. (2.3)
seem to provide exact results when the extreme cases are considered, i.e. either axial
load or bending moment acting alone. For combined loading cases they lose some
of their accuracy due to certain simplifying approximations. These approximations
have been made on the basis of curve fitting either from available test results or
exact numerical solutions. For predicting the strength of a beam-column under
general loading a linear interaction of P/P, and M /M, was primitively introduced

in the form

L A | 2.4)

This equation was proved to be inadequate for the design of steel or aluminium
beam-columns due to the effects of axial load in producing additional bending

moments. Better results would therefore be obtained if M’ were replaced by M, i.e.

r My (2.5)
Pu Mu
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where M is the value of bending moment, which, due to the combined effect of axial
load and further deformation of the member is difficult to determine. The attention
was therefore directed to simplify the procedure to obtaining M for some particular

loading patterns.

The maximum bending moment occurring at mid-height of a beam-column

under axial load P and equal opposite end moments M, is approximated as

M = M( Py ) (2.6)
°\ P,-P

In this equation the term in parentheses may be considered as an amplification factor
since it amplifies the primary moment M, to give the final one (primary +
secondary). The equation also applies to eccentrically loaded columns under same
eccentricities e, where the term M, is replaced by Pe. Although the maximum
bending moment in Eq. (2.6) is less than the exact one™ this equation is currently
being used by most codes of practice as the basis for the interaction formula for the

strength of beam-columns. Substitution of M from Eq. (2.6) into (2.5) results in

<1

P, Mo
2.7
P, Mu(l—-i) 2.7

In the case of non equal end moments M, and BM,, where -1 < B < 1, the
greater end moment M, is recommended to be used, although it may lead to over-

conservative results, particularly in the case of double curvature.

An extensive, approximate mathematical study of this problem started in 1947
by Massonnet, who, in cooperation with Campus® suggested that Eq. (2.7) should
take the form

p£+* T s 2.8)
u Mu{l-ﬁJ '
P
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where C, = y/0.3(1+B?)+0.4p . Later on, having realized the non-conservative

nature of Eq. (2.8), he proposed the relationship

P, " 1 M <M (2.9)
Py .

based on a mechanism consideration at the end of the member. A lot of work has
been undertaken by many other investigators to provide a proper moment factor, C,,,

to provide better results.

When a simply supported beam-column is under a transverse loading pattern,
the use of C,, factor becomes meaningless. The total moment along the beam-column

is
M = M'+Pw (2.10)

where M! is the primary moment due to transverse loading before the axial load is

applied and w is the total lateral deflection. In order to ensure a safe design, it is
necessary to find the maximum moment by solving the differential equation of the
beam-column with the proper boundary conditions at the ends. However, for design
purposes it is more convenient to use a simplified approach. On the assumption that
the maximum moment occurs at or near the mid-span, use of Eq. (1.1) in Eq. (2.10)

yields for bending moment

M=M+P Pe w! (2.11)
P,-P

{

where w' is the primary deflection produced by the primary moment alone. Sincew

is a linear function of M, this can be written



Chapter 2 - Beam-Column & Frame Buckling 26

1+¢-P—
M=M//—F (2.12)

- P

PE

I

where ¢ = £ _1 . This allows a more generalised interaction formula to be
written
P c.M ! )
— 4 <
P (2.13)
“ Mu[l - —P—J
E
in which
w'P
C =1+¢£=1+£ E_1]. (2.14)
" Py P\ M

Several investigators compared the interaction formula of Eq. (2.8) with
available experimental and numerical results for both eccentrically and laterally

loaded beam-columns and generally they observed a good agreement.

Ballio and Campanini*’ in 1981, used a computer program to examine 1000
cases simulated the behaviour of beam-columns hinged at their ends, with different
slenderness ratios, section properties or loading patterns. For all cases a sinusoidal
geometric imperfection of L/1000 was considered. The results were checked against
the interaction formula, which, was found to be conservative in some cases and non-

conservative in some others.

2.5 Design Formula for Ultimate Capacity

For the analysis and design of beam-columns most of the design codes make

use of interaction formulae. In the case where equal end moments are applied on a



Chapter 2 - Beam-Column & Frame Buckling 27

beam-column, the ECCS* recommendations introduce the equation

P M, +Pe”

£, <1 (2.15)
P, M,(1-P/Pp)

where e is a notional eccentricity which accounts for all imperfections and M,

is a linear bending moment.

The value of e* is obtained from Eq. (2.15) in the absence of bending
moment M where P is the axial compression capacity of the column obtained from
appropriate ECCS column design curves. The expression for e* is

et = Kp_{i_l][1~52] i (2.16)
P |P P,

y p

Nethercot and Taylor” in 1977, simplified Eq. (2.15), which was then included in

the revised BS 449. The new interactive formula, having the form

M M
P o5 2. % Mo 2.17)
PP PP MP MP

is today being used in BS 5950,

In the case of unequal end moments, the codes use the concept of the

equivalent uniform moment factor, where, M  in Egs. (2.7), (2.15) and (2.17) is
replaced by M g™ C,M ., in which M is the maximum end moment. In BS 5950

the expression for C, is

C, = 0.57+0.33B+0.10p2 > 0.43 (2.18)

The concept of equivalent uniform moment factor is also employed for the

cases of laterally loaded beam-columns.
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The European recommendations assume

M, = Mg +M,| (2.19)

where Meql is the equivalent moment due to end moments in the absence of
transverse forces whereas M, is the largest bending moment due to transverse
loading only. M, can be determined if the column is considered as simply
supported without end moments. If M, has an opposite sign of the maximum end
moment, or the absolute value of M, is less than twice the absolute value of this

end moment, the ECCS assumes M, = 0.

Comparisons between the interaction formulae show some minor
discrepancies between them. This might be due to the fact that, depending on the
geometry of the member and its loading conditions, there is always a minor degree

of inaccuracy, ascribed to various reasons, some of which are described below.

(a) Case of equal end moments : For very small slenderness ratios, A,

where there is no problem of elastic stability, the ECCS interaction formula becomes

M
P .M _y (2.20)
Py MP

whereas the corresponding from BS 5950 is

M M
P o5 BT, Ty .21)
P)’

P)’ MP 4

In a non-dimensional plot of P/Py versus M/My Eq. (2.20) represents a straight line,

and Eq. (2.21) a concave curve; however, a numerical solution provides a convex
curve. This means that both formulae underestimate the ultimate load as the
slenderness decreases. The degre‘e of conservatism depends on the cross section

shape and can be more than 60%. Fig. 2-1 shows the solution obtained from Eq.
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Figure 2-1

(2.20) and (2.21) in comparison with a numerical solution’’ obtained for the case

of H section buckling about its weak axis.

As the slenderness ratio A increases, the elastic instability effects start to
appear. Curves obtained numerically tend to gradually change form, from the
concave (low A) into convex (high A), whereas Eqs. (2.7), (2.15) and (2.17) predict

a concave behaviour. The degree of this change depends on the amplification factor
P, /(P.-P), which converts the primary moments into total moments. Fig. 2-2

shows the change of this factor in comparison with its theoretical form™, where,
as the load increases, approaching the FEuler load, its value becomes less
conservative. Hence the degree of conservatism decreases when the slenderness
increases. Even though the overall design may still be safe (except for high
slenderness ratios), there is not a uniform degree of safety in every case of

slenderness.

(b) Case of unequal end moments : In this case the resulting equivalent
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uniform moment M, = C M, is independent of the applied axial load and
consequently the interaction given by equations (2.7), (2.15) and (2.17), if M, is
replaced by M, does not relate to that defined by equations (2.20) an (2.21). This

event combined with the fact that C, is always less than unity, implies that the use

of interaction formulae for low axial load, even for high slenderness ratios, may not

lead to safe results.

A second limiting interaction relationship can be found on the basis that the
plastic hinge will form at the end of the column with the highest bending moment.

Therefore the following inequality must be satisfied,

M, <M, (2.22)

where M, is the plastic moment capacity of the column in the presence of axial

load. The relation between M, and axial load can be found by statics.
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Where the first interaction formula is used to predict the strength of a beam-

column, C, often underestimates the bending moments. This, coupled with the non-

conservative nature of C, , despite the conservative nature of Egs. (2.20) and (2.21),

may result in an unsafe design.

(c) Case of transverse loading : In this case, with or without end moments
BS 5950 assumes that in the relation Meq =C,M, M, 18 the maximum value of
the primary moments. No allowance is made for the shape of the primary moments

diagram and C,, has been taken as unity. In the case of combined end moments,

when the lateral load is relatively small the value of C_ should be approximated to

the value obtained when the end moments act alone. But this is not usually the case.

In the European recommendations this shortcoming is partially overcome by
the use of Eq. (2.19). Again no reference is made for the shape of the primary

moment diagram caused by transverse loading.

2.5.1 Conclusion

Several interaction formulae have been introduced in this section with the aim
of achieving a fit for numerical results. The lack of crucial information on each set
of numerical or test results, caused inaccurate results to be obtained when the
formula is applied to an extended range of variables and parameters, having an

influence on the load carrying capacity of beam-columns.

The interaction Eq. (2.7) for example, formulated for an I-section column
with two equal end moments bending about its major axis, was found to give overly
conservative results for other loading patterns. It was also found that for a similar

column bent about its minor axis, both overly conservative and in some cases non-
conservative results might be obtained”. Introducing C_, a factor to cover the

influence that the shape of bending moment has on the load capacity for columns
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under unequal end moments, was found to give unsatisfactorily results.

The approaches which rely on C,, do not cover the problem of other

situations, like those arising from a different type of loading pattern. One of the
main parameters which influences the load carrying capacity of beams-columns is
the loading pattern of the member. Different loading patterns generate different
deformed shapes of the member. If on these shapes an initial unintentional geometric
imperfection, either as out of plumbness or put of straightness is added, the action
of an axial load causes higher values on the induced bending moments. The
influence of this parameter can be adequately taken into account if the column is

considered as having imperfections. This idea will be developed in this thesis.

2.6 Historical Developments of Frame Buckling

The discussion developed in the preceding sections concerned the behaviour
of pinned columns which are under a general system of loading. In reality, however,
columns rarely exist alone. They are usually components of frames connected with
beams to build a monolithic construction. Due to the nature of connections an
interaction is always developed between beams and columns. The simplest way to
take account of the interaction between a column and the remainder of the rigid
jointed multistorey frame where it is connected to is to consider the column as a
beam-column which is restrained at both ends. The main differences which

distinguish a pinned beam-column from a restrained one are the following:

a) If a perfect elastic pinned beam-column can carry the Euler load, a similar
restrained one is able to carry a higher load when sway is prevented and a higher
or lower load if sway exists. In the sway case the load is a function of the stiffness

of the surrounding frame.

b) In a pinned beam-column any known end-moments and/or eccentricities
remain the same while the axial load is increased. This is not the case, however in

a similar restrained beam-column, where, these magnitudes change due to interaction
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between the column and the remainder of the frame.

A review of the past work in the area of frame buckling has been provided
by Massonet™ and Johnston™. In designing of frames various procedures have
been employed. Some of these procedures, where the frames have already been
designed, involve a check for the instability limit load, whereas others are
approaches where the design of the frame is modified to take into account any
instability effects. More historical developments for these procedures can be found
in the reference®. Here four of the main proéedures which are now being used are

summarized.

2.6.1 The Effective-Length Design Procedure

This procedure may be classified as a design method. When a frame is under
a monotonically increasing loading at its joints, like in axially loaded struts, there
will be no flexural deformation until the load level reaches a particular value, called

the elastic critical load. For a perfect pinned column this is the Euler load

2
p, - ©E (2.23)
L2

In an effective-length design procedure the elastic critical load of a frame’s column
is compared with the Euler load of a similar pinned column. For this comparison the
frame is modelled as a set of columns which are elastically restraint at their ends.
On the assumption they remain elastic, their maximum load capacity is the elastic

critical load. Eq. (2.23) may therefore be used to determine the critical load of the
column in the frame by substituting the value of yL for L, where vy is defined as
the effective length factor. The value of y is a function of the stiffness of the frame

surrounding the column. When sway of the frame is completely prevented, this value

varies between 0.5 (both ends fixed) and 1 (pinned ends). For sway frames the value

of y may extend from 1 to infinity. Many attempts have been made in the past to
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evaluate y by means of alignment charts. BS 5950 makes use of the effective length

charts suggested by Wood” in 1974.

If the effective length factor y has been calculated, the critical load of any

restrained column can be obtained as the Euler load of a similar pinned column of

length yL.

In real structures columns are usually subjected to both axial loads and
bending moments. The procedure in the effective length design requires the structure
to be analysed under various combinations of loading using a linear analysis. Then

the calculated axial load and end moments of each column are applied on a nominal

pin-ended column of length yL. The interaction formulae given in Sections 2.4 and
2.5 are used to derive a suitable column section. A shortcoming arising from this
procedure (apart from what has already been mentioned), is that the effect of

reduction of the column’s stiffness has been neglected.

In ECCS and BS 5950 this method is suggested for design of members under
compression in non-sway frames. For sway frames BS 5950 suggests the same
method, under the condition that the frame is taken to be under vertical loading and
has been designed as a non-sway frame, so that the member stability should be
checked. The ECCS accepts this method provided all the forces have been

determined using a second order analysis.

2.6.2 The Amplified Sway Method

This method is a design method utilizing the isolated beam column approach.
The forces and bending moments are calculated through a linear elastic analysis. In
order to account for frame instability, the moments due to horizontal forces, which

cause sway, are amplified by a factor. In BS 5950 this factor is given by
A, l(A,-1), where A is the elastic critical load factor, i.e. the ratio of the sway

critical load to the axial load, and can be obtained by an approximate formula given
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by Horne®™. After the calculation of the increased forces and moments for each
column, the member can be designed through the same procedure as that of isolated
columns. Since the effect of frame instability has been incorporated in the
amplification factor, the effective length of the column is taken as the one which
results through the effective length factor. Additionally this standard requires that the
frame is also checked as a non-sway frame under the actual vertical loadings,

according to a procedure described later in section 8.4.

In AISC/LRFD® the amplified sway factor is recommended as

1
L =P\ A (2.29)
XH) L
or alternatively
_ 1
P (2.25)
ZP,

where P and ZH is respectively the sum of axial loads and shear forces acting on

the storey, A is the translational deflection of the storey due to horizontal forces
taken from linear analysis, L is the storey height and ZP, is the sum of w?EI/(yL)?,

in which vy is the effective length factor of each column. The maximum moment in
a member, as a result of sway, may be calculated from the primary moment using
either of the above amplified factors, where the effect of member instability is also

incorporated. Moments due to a linear elastic analysis for a non-sway frame are
amplified through a factor C_ /(1-P/P,), where C, is given from Eq. (2.14) and
P, as defined above. The two magnified moments are then summed together to give

the total moment, M, which is used in an interaction formula. The ultimate strength

interaction formulae are
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7? + 98;‘4/1 <1, £z 0.2

Pt d (2.26)
_I_)_ + _M_ <1 , _I_)_ <02
2PP MP p

where Pp is the compressive axial strength of the column proposed by design code

with length yL obtained from effective length chart.

2.6.3 The Merchant-Rankine-Wood Formula

Fig. 2-3 shows the limiting stress for a pin-ended steel strut of mild steel
having a nominal yield stress 250 N/mm?’. The heavy line of this figure implies that
slender struts buckle elastically at stresses defined by BC whereas stocky struts
collapse by yielding. Tests on real struts have shown that the ultimate stress lies
somehow below the composite curve DBC in the region of B. A rough estimate of

the ultimate stress may be obtained from the interaction formula

1 1 1
— = — + — 2.27)
o 0, O,

This equation provides a transition curve between the two extreme cases. In stocky
struts Oy, is large and ¢ approaches c,. In slender struts G is small and 1/<5y can be

neglected in comparison with 1/6;, leaving ¢ = Oy

Eq. (2.27) is known as the Rankine® formula and is represented in Fig. 2-3
by the broken line DC.

Merchant*' in 1954, argued that instead of its component parts, the whole
structure could be designed in a similar way to that of isolated columns. He
suggested that the Euler load in Rankine’s formula could be replaced by the elastic
critical load of the structure and respectively the squash load by the rigid-plastic

collapse load. The resulting modified formula for the design of a multi-story frame
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becomes
1t _ 1.1 (2.28)
A g Ap kcr

where A, is the failure load factor of an elastic-plastic structure, A, is the idealized
rigid-plastic collapse load factor and A, is the elastic critical load factor. Horne*
compared the Merchant-Rankine load with the results obtained from a series of tests
on single bay model frames of 3, 5 and 7 stories, where he found that the formula
provides a lower bound to the test results. For the purpose of avoiding too
conservative results, Wood>’ modified the formula so that

A= —%—— for 4 < —}}iﬁ < 10
09 + Rﬂ P

:
cr

(2.29)
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He suggested that for A/ Ap > 10, failure should be given by Af = kp and also for

A, lA, <4 an elastic-plastic second order analysis should be used.

The Merchant-Rankine-Wood formula is an empirical approach in which the
effects of imperfections and different type of loading patterns are inadequately taken
into account. Although this approach provides lower bound solutions for certain
structures with particular imperfections, the experimental results depicted in Fig. 11
in reference 36 are quite scattered and considerably different from their theoretical

prediction.

2.6.4 Second Order Elasto-Plastic Analysis

Unlike a first-order analysis in which the equilibrium relationships are written
with respect to the original (undeformed) geometry, in a second order elasto-plastic
analysis the equilibrium equations are written on the basis of the deformed geometry
of the structure. This often entails an iterative type of procedure to obtain solutions.
This is due to the fact that, during the formulation of the equilibrium relationships,
the deformed geometry of the structure is not known. The analysis, thus, proceeds
in a step-by-step incremental manner. This can be a highly non-linear situation and
a fairly sophisticated computer program needs to be used to tackle the problem.
Various approaches have been developed by many investigators described in

reference 22.

This procedure might be useful for those structures whose member sizes are
known in advance, and the objective is to check the load carrying capacity of the
structure. In most cases, however, designers need to analyse and design structures
whose member sizes are yet to be determined. In these cases, the method requires
a number of trial steps to be implemented, where, the member sizes are revised after
each step before the most appropriate set of sizes can be selected. This often

requires a substantial amount of computational effort.
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2.6.5 Conclusions

In this section various methods have been described for the analysis and
design of rigid-jointed frames. Two of them, the Merchant-Rankine-Wood formula
and the second order elasto-plastic analysis are considered as analysis approaches
and can be used for frames whose member sizes are known in advance. Use of these
methods for structures with unknown member sizes is a very difficult trial and error
problem, and therefore time consuming. More ‘appropriate methods in these cases are

those which are classified as a design procedure.

In the effective-length method the structural members are inaccurately
modelled with pin-ended beam-columns, where any end moments are calculated
from a linear analysis in the whole structure. Therefore the loading conditions of a
real structure are usually violated and consequently this modelling cannot effectively
represent its behaviour. Apart from this shortcoming both the effective-length
method and the amplified sway method use for design purposes the interaction
formulae discussed in sections 2.4 and 2.5, the deficiencies of which have been

discussed in Subsection 2.5.1. A brief summary of these deficiencies may be
a) For isolated beam-columns:

W vagueness in relating loading imperfections to the particular load,

i.e. use of effective moment for unequal end moments;

® similar problems for lateral loading, i.e. the use of equivalent end

moments;
® possible inadequacy of yield/failure criterion.
b) For columns in frames with no sidesway:
m  all of the above, but in addition

m lack of clear definition of buckling mode and hence appropriate

modal imperfections (both loading and geometric).



Chapter 3

Idealized Frame Models

3.1 The Concept of Buckling in Idealized Frame Models

In Chapter 2 a number of historical developments on beam-columns and
frame buckling was discussed and various interaction formulae were presented. In
this Chapter the buckling response on several possible idealized models, restricted
or not against sidesway, will be examined. Consider the two structures in Fig. 3-1;
structure (a) is a braced frame whereas in frame (b) there is a possibility of

sidesway. Both structures have initially geometrically perfect members, which are

7 V. v/ 2/ 7 V2 V2 W

(a) (b)
Figure 3-1

subjected to a set of point loads P, at their joints. If the members remain elastic as
loads are increased, there will be no flexural deformation until a particular level of
loading is achieved. This load level is the so called ‘elastic critical load’, under
which a bifurcation of equilibrium izs possible. The buckling shape of the frames is

shown by a thin line in figure 3-1.
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Fig. 3-2 demonstrates the lateral displacements w caused by the

monotonically increased loads P,. The mathematical solution of this model gives

zero displacement up to the critical load P, (point A). At this level the displacement
becomes indeterminate following the path AB.

If the displacement at the bifurcation point A is prevented, the frame may
sustain theoretically higher loads causing the curve following path AC. This results
in another bifurcation of equilibrium at a higher load. Mathematically an infinite
number of bifurcation points (elastic critical loads) may exist, giving each time a

different buckled shape of the structure, called ‘elastic critical mode’ shape.

Depending on the bracing or not of the structure these shapes may be
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different; in the first case they do not present any sway (horizontal displacement
between the top and the bottom of the column) whilst in the second case, depending
on the frame geometry, they present a sway mode at every pair of consecutive

buckling modes.

Figure 3-3

Consider now the structure of fig. 3-3 subjected to loads Q;, monotonically
increased and proportional to loads P, This causes the internal axial loads of
columns to be also proportional to P, Such assumption is assumed to be valid in
multistorey frames, where the important frame instability effects are due to the axial

loads in the columns.

The load displacement curve for this structure would be as shown by curve
(c) of Fig. 3-2 provided the material remained elastic at all locations. Here no
bifurcation occurs and the frame will start to deform from the onset of loading.
Curve (c) becomes asymptotic to curve (a) corresponding to the elastic critical load.

The analysis followed to obtain curve (c) is a non-linear elastic analysis.

The actual state of loading of Fig. 3-3 may be thought of as the superposition
of two loading cases. The one in Fig. 3-4a, consists of only the internal axial loads

in the columns, which, from the elastic critical analysis point of view, reduces to that
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Figure 3-4

of Fig. 3-1; the other in Fig. 3-4b, consists of the actual state of loading, plus a
locally self-equilibrating form of loading condition, such that no internal axial load
is imposed on the columns. Superposition of the loads of Fig. 3-4(b) onto those of

Fig. 3-4(a) will result in the actual case of Fig. 3-3.

For the load of Fig. 3-4(b) there will be no elastic critical load and the load-
displacement relationship will be linear, shown by line (b) in Fig. 3-2. The analysis

employed for this case is a linear elastic analysis.

Between curves (b) and (c) there is a difference in displacements at a given
load level, which becomes larger as the load increases. This is due to the instability
effects. In fact, in the case of fig. 3-4b, a state of pure bending is induced in the
columns, which causes lateral deflections. These deflections are linear, and are
intimately related to the linear bending moments in the absence of axial load. If the
loading type of fig. 3-4a is acting in conjunction with the initial linear deflection of
type 3-4b, it produces extra bending moment and, as a result, additional
displacements. The situation is similar to that of a simply supported column which

is originally bent.

The loading conditions which produce bending moments in the columns of
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a frame can thus be thought of as an other kind of imperfections.

The above structures have been considered as perfectly elastic, without any
effect of plasticity on their failure load. Taking plasticity into account, let us first
assume that the structure of fig. 3-4b has a rigid plastic material. In this case a
bifurcation of equilibrium takes place when the loads reach a certain value which
may be less or greater than the elastic critical load. At this level of load enough
plastic hinges form simultaneously and the structure becomes a mechanism, where
no further increase of loading is possible: In the absence of axial load in the columns

the load-displacement relation of fig. 3-2 is the horizontal line (d).

If the same rigid plastic material is considered for the structure as loaded in
Fig. 3-3, the load-deflection curve will through a non-linear rigid-plastic analysis,

be given by curve (e).

An idealized condition which is closer to the real behaviour of the structure
is taken by considering that its material, under the type loading of Fig. 3-3, is

elastic-plastic. The first part of the load-deflection curve is actually the first part of

curve (c) until at a load level Pfy the structure will at some location have a stress

that reaches the yield, initiating the increasing importance of plasticity. Further
increase of load causes progressive plastic hinge formation and a resulting deflection

which is greater than that occurring if the structure had behaved elastically. This

load level is considered to be a close estimate to the buckling collapse load P, and

the material has reached the last stage of its elastic-plastic behaviour which has
already started since the initiation of yielding. After the buckling collapse load the
curve (f) approaches asymptotically the non-linear rigid plastic curve (c). The aim
of the non-linear elastic-plastic analysis is to estimate the buckling load, P,,
corresponding to the peak point of curve (f) in the load deformation curve of Fig.

3-2.
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3.2 Idealized Non-sway Buckling Model

The design procedure outlined in chapter 2 assumes the structure to remain
effectively elastic up to the point of failure. If the design criterion is the achievement
of first yield in a structure (permissible stress design), it will be considered that all
members of the structure have been design to reach first yield at the same load level;
even if this criterion is the achievement of collapse (limit state design), it is still
assumed that the structure has been designed to remain elastic up to this load, when
plastic hinges will be formed in all columns simultaneously, whereas the beams still
remain elastic. The first yield condition provides a lower bound solution whereas the
latter criterion furnishes an upper bound solution for predicting the ultimate load of

the structure.

The simplest way to isolate a column from the remainder of a non-sway
structure such as Fig. 3-3, but take into account the interaction between them, is to

consider a column as elastically restrained by rotational springs at both ends.

In Fig. 3-5 the free body diagram of the column is shown. The axial load P
and the bending moments m, and m}, are due to the action of the frame sustaining
the applied loads and are obtained through a linear analysis (where the secondary
effects of axial load are neglected). Local loads ¢” and ¢" which are proportional and
non-proportional to the axial load might also act laterally to the column. In order to
take into account the instability effects as well as the additional moment due to
interaction of axial load and initial linear displacement, two rotational springs at the
ends of the column are considered to have stiffnesses C, and Cy; m, and my are
additional end moments which are produced when the axial load is applied and the

member begins to deform.

Two other idealized models are shown in Fig. 3-6. The member in Fig. 3-6a
is under axial load only, while there is no axial load in the member of Fig. 3-6b. In
this way information about elastic critical loads and mode shapes can be obtained
from case (a) while the loading imperfections may be determined from the loading

condition of the case (b).
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The load-displacement curves for these three models would be similar in form
to those that have been drawn for the whole structure in Fig. 3-2. In this Figure, P
is the axial load of the single column of each model, while P, is the buckling load
of the appropriate beam-column. The intersection between curves (c) and (e),

denoted by a load level corresponding to P, is obtained under the assumption that
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the column remains elastic until the first plastic hinge occurs. This provides an upper
bound solution for P,; a lower bound solution for P, is the level Py, at which the

column starts to yield.

It is the estimation of these upper and lower bounds to the collapse load that
will form the basis of design analysis developed in this thesis. For this, it is evident

that the non-linear elastic response of curve (c) plays the vital role.

In order to obtain the non-linear elastic response of curve (c) in Fig. 3-2, the
linear elastic response, given by curve (b) in Fig. 3-2, is a necessary first step along
with the prediction of the elastic critical loads and the corresponding critical mode

shapes, indicated by curve (a) in Fig. 3-2.

3.3 Linear Bending Analysis

When a structure is under a known system of loadings and the members are
required to be determined, an estimate of member sizes has to be made in order to
find the internal forces in each section. The size of each member may then be
revised before the most appropriate set of member section sizes can be selected. So
a number of trials may be made until the structure is designed. This procedure
applying to both linear and non-linear elastic analysis, demands a substantial time
of computer. Specially for the non-linear elastic analysis, it is not easy to perform
a desk method, since the Eulerian differential equation, based on the deformed

structure, has to be up-to-dated for each incremental displacement.

In the linear bending analysis, independently of the effects of axial loads on
the rigidity of the members, the relationship between moment and curvature for each

member is linear.

A most effective method of a linear analysis was the moment distribution
method, introduced by Hardy Cross, in which the end moments in each member of
a structure can be calculated by hand. The development of matrix methods in

structural engineering combined with the availability of fast computers, allows today
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an exact linear analysis to be performed in a fairly routine way. The procedure is
based on the fact that the relationship between loads and its displacements of a

structure is linear and can be written in a general matrix form as

K 1w} = {F} G.1)

where [K;] 1is the flexural stiffness matrix, {w} is a column matrix of

displacements and {F} is a column matrix of forces. Solving this equation for the

unknown displacements enable moments and internal forces to be obtained.

The real values, however, for the internal forces of a beam-column may be
very different from those predicted by a linear analysis. This is because in the
calculation of bending moments, the additional deflections and hence the additional
bending moments due to interaction between axial load and displacements, are
neglected. However, a safe and economical design has always to take these moments

into account because they provide the basis for the initial imperfections.

3.4 Elastic Critical Analysis of Columns without Sway

Consider the elastic perfect column of length L having rotational springs at
both ends and subject to an axial load P as shown in Fig. 3-6a. Being a member of
a rigid-jointed frame with no imperfection, column AB will not have any lateral
deformation before the load reaches the elastic critical load P,. At this stage a
bifurcation of equilibrium takes place and a small lateral load will produce a bent
shape that does not disappear when the lateral load is removed. The deformation of
the column will be resisted by the two rotational springs, which produce the

moments m, and m, at the ends, as indicated in Fig. 3-7.

Since the column does not sustain any lateral loads along its length, the

differential equation for its deflected form is

Ew¥(x) + Pw'(x) = 0 (3.2)
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where w"(x) and w" are the fourth and second derivatives of the displacement w(x).
This equation is a homogeneous linear differential equation of the fourth order and
is valid for any type of end condition. Its general solution involving four arbitrary

constants takes the form

w(x) = A,sin(kx) + A,cos(k) + A3% + A, (3:3)

where constants A, A,, A, and A, are determined from the end boundary conditions,

I
.

and k is given by

(3.4)

Figure 3-7

For the determination of constants the conditions of restraints at both ends of
the member will be considered. At both ends the displacement is zero at the

supports, so that

w(0) = w(L) = 0 . (3.5)
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Two further conditions relating the resistant moment from the spring

stiffnesses (C,, Cy) to the rotations (0,, 6;) are given as

my = C,0, Ew"(L) = C,w'(L)
or 3.6)
mg = Cpl, Emw'(0) = —CBw/(O)
where
dw dw
—| =0,,: |—| =-6 3.7
[ dx L=L 4 [ dx L=0 g )

Combining equation (3.3) with the relevant four end conditions, a set of four
linear, homogeneous equations in the constants A, A,, A,, and A, are obtained. For
arbitrary values of k, and hence P, these equations are satisfied only when A, to A,
are zero, showing that the displacement w is zero and the column remains straight.

In order to have a deflecting configuration of equilibrium, that is non-trivial
solutions of this set of equations, the determinant A(k) of the coefficient matrix has

to be equal to zero. The condition A(k) = 0 furnishes an equation for the parameter
k, which is the only unknown in this equation. Actually, this equation, being

transcendental in k, gives an infinite number of roots k; (i=1,2,..) referred to as the

characteristic values of the parameter k, which define, through Eq. (3.4), an infinite

number of critical loads Pa.=EIk62,-. The four constants A;, 4,, Ay and4,

associated with the characteristic value k i of the i™ critical load can be obtained

by introducing the value k ; into the four boundary condition equations. Since the
determinant of the coefficients of these equations is zero, this leaves only three
independent equations for four unknowns. Taking one of the unknowns, A;;, as an

arbitrary constant value and calculating the other in terms of this value, a set of

ratios
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A= 2. A-E. A (3.8)

allows the critical mode shape to be determined. Substituting these values into Eq.

(3.3), the deflection function of the buckled column associated with &, is obtained

as

w(x) = A,,|sin(k x) +g4—2icos k,x) +Z3,.—I)i— +A, | . (3.9

This deflection function is indeterminate

oU

as to magnitude, (Au remains an arbitrary

constant), but is definite as to shape,

since the function in brackets, the so
L called characteristic function of thei®
critical mode, ¢,(x), is known. The

elastic critical loads P, are thus defined

in terms of characteristic values of ka. of

an eigenvalue problem whose

Figure 3-8 characteristic functions are the critical
modes ¢,(x). The critical mode shapes of

a beam-column with rotational restraints at its ends is shown in Fig. 3-8.

The calculation of the elastic critical load of the column given in Fig. 3-7 is

based on the condition A(k) =0. Assuming the rotational springs have linear

characteristics, the former condition results in

kL (k L)* .
tan(k L) r,

[

sin(k L)

(3.10)

| kL (kL 1
tan(k L)  rp

[ k L
1-

2
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C,L C.L
where ry= A -_B

—’ r —_—
EI B Er

If the values of C, and Cj are known, the roots of Eq. (3.10) in terms of k_ will

provide for this column, the elastic critical loads P, = EI kczi .

The solution of this non-linear equétion is usually realised through charts
relating k, to r, and r;. For simplicity reasons, in most codes of practice, the stability
of the restrained column is compared with the stability of a simply supported column
of effective length L,=YL, in which v is the so called effective length factor and can
be calculated under the assumption that the elastic critical load of the restrained

column, P, is equal to the Euler load, Py of this simply supported column, so that

2El

P, - - - EIk. = P, (3.11)
(vL)
yielding
kL = o (3.12)
Y

Substituting (3.12) into (3.10) allows the effective length factor of a column with
both ends rotationally restrained to be found in terms of r, and ry. In most codes of
practice a set of effective length charts are often employed to give the effective

lengths of columns with ends rotationally restrained.

In the case of equal rotational restraint at both ends of the column, so that

C,=Cz=C, Eq. (3.10) is reduced to

kL k L
i 7 ) NN R N 3.13)
tan(k L) LC sin(k_L)

from which two forms of buckling configuration may occur:
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Chapter 3 -

a) The symmetric shape, coming from the positive right-hand-side, may

easily be shown to yield

tan
2) . _2E (3.14)
kL LC
2

which is a result already familiar from the ’Elastic Buckling of Columns and

Frames’, [Eq. (2-10) of Appendix C] and
b) The antisymmetric shape from the negative right-hand-side, which,

O Symmetric ——— o Antisymmetric <—>——

15 -
12

o,
pbbbbpbbb .

r=LC/El

-3
6

)
[(e]
1

a
GOooo_.."
Oy

12
A T B B
Figure 3-9
similarly gives the equation
kL

2EI} -

_ 2), 1 (3.15)
k L) LC k.L
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again familiar, from the same theory [Eq. (2-11) in Appendix CIJ.

Introducing the notation r = % the solutions for the first three critical

k L
modes (0 - 37 ) of CT coming from equations (3.14) and (3.15) can be given for

both shapes (symmetric and antisymmetric) in a graphical form for varying r, as

shown in Fig. 3-9.

3.5 Critical Mode Shapes of Non-sway Columns

Harmann® was the first to realise that the elastic buckled shape of an
axially loaded, originally straight bar having any end conditions is a sine wave.
Ayrton and Perry® in their analysis had already assumed that the configuration of the
geometric imperfection is a half sine wave, which is exactly the shape of the first

critical mode of a simply supported column.

_ Figure 3-10

In the buckled shape of the restrained column in Fig. 3-10 there are two
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points of contraflexure, C and D. At these points there is no resistant against

rotation, and the resultant forces and moments at each end of the column should pass
through them. The free body diagram of the part CD holds two axial loads, PC/ , at

the ends and its behaviour is similar to that of a simply supported axially loaded
column. The elastic critical load is thus the Euler load of a column with length L,
1.e.

n2El

P = — . (3.16)
"L

€

The angle of CD with the vertical is infinitesimally small, so P’ is assumed

[4

to be equal to P, In the above formula L, is the effective length of the column,
which therefore has the meaning of the portion of the column that lies between two

adjacent points of contraflexure in the column’s deflected shape.

If P, is the Euler load for the pinned column of length L, the elastic critical

E

load Pc can be written in the form

2
p. WEL _ P (3.17)

in terms of the effective length factor y, whose mathematical value, is thus,

P, (3.18)

4

’Y:

The deflected shape of the column with respect to the (X,W) axes is

W(X) = Asin

_W_X) , (3.19)
L

e

This equation is valid not only for the portion CD of the column but also for its
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entire length.

3.6 Elastic Critical Analysis of Columns with Sway

iy
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Figure 3-11

A more general case for a perfectly straight column elastically restrained against
rotation at both ends and against translation at the top is considered in Fig. 3-11. In
this case, the rotational end restraints are again achieved by rotational springs with
spring constants C, and C; while the top restraint against translation is accomplished
by a translational spring with spring constant K,. From the buckling configuration,

shown in the same figure, the differential equation for the deflection curve is

2
%Y - _y (3.20)
dx2
where
-M = P(‘6—w)~KA5(L—x)—CABA . (3.21)

Substitution for M in (3.20) yields the governing differential equation
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2
E1%Y . Pw = K 5x+5(P-K,[)-C,0, , (3.22)
dx?
which, for k= Z’% , has the general solution
K,o K,L\ C,0
w = C;sinkx+C,coskx + A x+d|1-—A— |- 44 (3.23)
P P P
The boundary conditions require
w(0) = 0, w(L) = 8
p p (3.24)
w w
— = e 9 —_— = 6
dx x=0 ? dx x=L ‘
where
) P5-K,6L-C,06, (3.25)
Applying the preceding conditions in (3.23) yields
K,L C,]
0 1  —_ -4
P P
C (C FO
sinkL  coskL 0 -4 1
P | |C, 0 (3.26)
X K 4 P +K L C, 5 o
P Cp Cp G 6,] 1O
kcoskL -ksinkL —4 -1
L P J

In order to have a non-trivial deflected shape of equilibrium, the determinant of the
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coefficients of the system must be equal to zero. Introducing the non-dimensional

notation
K C.
EIJL? EIJL

the characteristic equation may be rewritten

0 1 -t 4
(kL)? (kLY
r
ska COS kL 0 - 4 > (3 28)
kL :
(kL) -0,
2 r
kL 0 _t__LkQJ,i A
(kLY* rp 1 g
KLcoskL -kLsinkL t -1
(kL)*

which, after developing and rearranging, leads to the general solution for the case

shown in Fig. 3-11, i.e.

—1—3{[(kL)4—(kL)2(r Tt +rgt(r, - 1)-rAt]@sinkL -
kL r
(L) 5 (3.29)
- [(kL)4(rA+ rB)—(kL)Zt(rA+rB)~2rArBt} coskL —2rAt} =0.
B

In this equation, by putting t = 0, we obtain the simplified condition

kL

tankL = —\a*75) (3.30)
(kL*-r,r,

which is the case of a column subjected to rotational restraints at both ends with

uninhibited lateral sway. By setting r, = 0 in Eq. (3.29) we obtain the condition
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(kL)Z(l —EtankL]

rs

1-(ﬂ+l)tankL
kL

t = , (3.31)

I's

which is the case of a column subjected to a rotational restraint at one end and a

translational restraint at the other.

Gurfinkel and Robinson** were the first to consider the analysis of the above
case. In their theoretical approach, where the buckling behaviour of elastically
restrained columns was taken into account, they reached up to Eq. (3.28). In the
absence of substantial recommendations for an overall solution, a magnitude for the
first critical load was provided through graphs, where, the value of kL. could be
obtained relating two of the given values r,, 1y and t; this is because in their solution

they considered a column subjected to one the following cases of restraints:
1) a rotational at both ends with uninhibited lateral sway and
2) a rotational at one end and a translational at the other end.

Considering the general case where all three restraints are present, for known
values of r,, 1 and t, the transcendental Eq. (3.29) yields an infinite number of

values of kL. The critical loads can then be determined by the equation

P, = (k, L)Zﬂ . (3.32)
i i L2

A computer program in FORTRAN, the basic steps of which are given in the
Appendix G, has been developed to calculate the roots (values k,; L) of equation

(3.29), leading thus in the calculation of the critical loads through Eq. (3.32).

Also two separate programs in BASIC, based on the Newton-Raphson
approximation, have been made to verify the values of kL derived from section 3.4,
for both the symmetric and antisymmetric shape, as well as the values of kL for the
special case of Eq. (3.29), when the translational stiffness is infinity. The excellent

agreement shows that the braced case of section 3.4 can well be considered as a
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special case of section 3.6.

3.7 The Orthogonality Relations of Critical Modes

Consider a column with pinned, fixed or free ends. These end conditions,
which are the most frequent in a structure, result obviously in two boundary

condition equations, as follows

1

Pinned end w =0 and w'=0
Fixedend w=0 and w =0 3.33)
Free end w"'=0 and EIW'"+Pw' =0
The characteristic functions which arise from the governing differential equation of
a single member having any combination of the above boundary conditions have

fundamental properties of outstanding importance known as orthogonality relations.

For the critical modes these relations are given by Bleich® as

[, "B dj0dx = 0 (3.34)
and

[NCHOTAGR (3.35)

where x is the distance along the member and ¢(x), d)j(x) are two different

characteristic functions associated respectively with the i and j* critical modes.

The primes indicate differentiation with respect to x while ET is the flexural rigidity

- not necessarily uniform - along the member.

For each critical mode a normalizing relation between the characteristic

function ¢,(x) and the corresponding elastic critical load P_; can be written as
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fOLElcpf’z(x)dx - P, fOL¢§2(x)dx : (3.36)

The validity of the orthogonal relations for the characteristic functions of a
plane elastic frame were verified by Ariaratnam®® and completed by Horne" for

more general cases. For a plane elastic frame the orthogonality relations are similarly

Y P f0L¢§(x) G/mdx = 0 (3.37)
M

Y fOLEltbﬁ’(x) &/dx = 0 (3.38)
M

while the normalizing relation is

Loy all2 _ L,/2
%: [ EI mdx = %: P[4 ®adx (3.39)

where Z denotes summation for all members, while P and P, are the axial and
M

the corresponding critical load of each member of the frame. The first relation (3.33)
was found to be valid for any structure having a linear elastic behaviour at its
supports whilst the second one (3.34) was found to be valid only for those structures

that are pinned, fixed or free ended.

It can be shown that the critical mode shapes ¢,(x) corresponding to all

critical loads P, (i=1,2,...) form a complete set of orthogonal functions. We may

therefore expand any arbitrary deflected configuration w, satisfying the same
geometric boundary conditions like the functions ¢,(x), as an absolutely and

uniformly convergent series of the form

w =Y wbx (3.40)

i=1

where w, is an amplitude factor associated with the i critical mode.



Chapter 4

The Non-linear Elastic Response

Theoretical background

4.1 Introduction :

In the preceding chapter an elastic critical analysis of idealised buckling
models with and without sway has been discussed. This chapter will be focused on
the general concept of imperfections, as the primary reason for a non-linear elastic

response of a beam-column.

When a structure is subjected to a system of forces, its members will in
reality start to bend from the onset of loading. This is due to the inevitable
imperfections which originate from either the initially out-of-straight form of
members or the material and loading conditions of the structure. These imperfections
are generally classified as geometric or loading imperfections. Structural
imperfections due to cooling process of hot-rolled steel members or welding usually
cause stresses to be locked into the structural members and are often a cause of

geometric imperfections when the member is cut and locked in stresses are released.

The loading imperfections may be divided into two categories; these are the
proportional loading imperfections and the non-proportional loading imperfections,
with the distinction depending on whether the loads producing the imperfection are

proportional to or independent to the axial loads.

When the effect of axial load on the stiffness of the structure is ignored, the
load - displacement relationship in the structure is linear. The existence of
imperfections, however, along with‘ the axial loads, results in a non-linear
relationship between load and displacement. The objective of this chapter is to relate

the non-linear elastic response of the structure to its linear one through a simple and
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general formula.

4.2 Geometric Imperfections

Consider the column in Fig. 4-1 as a component of a rigid frame with an

initial deflection w °(x) . Under the axial loads P the column deflects even more. Let w(x)

be the incremental displacement caused by the application of the axial load shown

in the same figure.

Figure 4-1

If $,(x) (i=1,2,3,...) are the characteristic functions of the critical modes, the

initial deflection can be expressed, in terms of the set of orthogonal deflections, in

the form

w°(x) =i‘ w0 4.1

i=1
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where w;” is an unknown amplitude factor, termed as modal geometric imperfection.
The total deflection of the column, w*(x), produced when the axial load is applied,
is given by the equation
wix) = Y wiom 4.2)
i=1
where w,.t is the amplitude factor of the modal total displacement. The differential

equation of equilibrium in this case takes the form

KLl ™) w0+ Pw) = 0 4.3)

where iv denotes the fourth differentiation of displacements with respect to X,
measured from one end of the member. Substituting Eqs. 4.1 and 4.2 into 4.3 we

obtain

EIY w/ol®-EIY, w o' )+ PY w/¢/() = 0 . 4.4)
i=1 i=1 i=1

The critical mode shape ¢(x) corresponding to the critical load P, will obviously

satisfy the Eulerian differential equation

EI®] () +Pyd{(x) = 0 . (4.5)

Substitution of ¢7'(x) from Eq. (4.5) into (4.4) gives
Y P 0l - TP w b0+ PY w/ e/ = 0 . 4.6)

=t i=1 i1

If Eq. (4.5) is multiplied by ¢jkx) and integrated over the whole length,

through the orthogonality relations f d),{ (b]/dx =0 i#j between the critical modes,
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it can be proved, that equation (4.6) is satisfied for each separate mode, i.e. for the

i™* term,

w! = CiPw»o (i=1,2,3,.) . 4.7)

In a similar way, the amplitude factor associated with the non-linear incremental

deflection due to the axial load only, is given by

w, = w’ . (4.8)

Substituting w,.t from Eq. (4.7) into (4.2) we obtain the total displacement with
respect to the undeformed state of a geometrically imperfect beam-column

©

P
! - c °h i 4.9)
w!(x) ; PCi_PW, 09

4.3 Loading Imperfections - Proportional Loading

Fig. 4-2 shows a beam-column which is under a lateral load g? that is
proportional to the axial load P. The column, is considered to be a member of a
rigid-jointed frame which is also loaded proportionally. The frame, in resisting the

applied load on the column, may result in two end moments m, and mj that are

proportional to the axial load P. They can be obtained through a linear analysis

(where the effect of axial load is neglected).

Application of axial load on the column results in additional moments and
displacements. These additional moments, shown in the same figure as m, and m,,

are due to the interaction between the axial load and the linear initial displacement.
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The differential equation of equilibrium for the linear idealization case shown in Fig.

4-2a prior to the application of axial load is
EIw?(x)” = ¢?() 4.10)

where w?(x) is the linear displacement of the column in a proportional loading

system. This linear deflection, in terms of characteristic functions of critical modes,

can be expressed as !

W) = 3 wlew @.11)
i1

m
P |p
m
B
(a) (b)
Figure 4-2

where w/ is the amplitude of the i ™ critical mode in the linear displacement due

to the same system of loading, termed as modal proportionate load imperfection. The

differential equation for the case of complete loading, shown in Fig. 4-2b, becomes

EIw"(x)+Pw'(x) = qP() . (4.12)
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Putting g?(x) from Eq. (4.10) into (4.12) yields the equation
Ellw!" @) -wP @) ]+ Pw!(x) = 0 , (4.13)

which is similar to Eq. (4.3), with w?(x) substituted for w °(x) . Following the same

procedure as that of section 4.2 and recalling the orthogonality relations, thei®

modal amplitude factors, wit and w;, for a proportional loading system are

P
,. : - =L wP G-1,2,3.) @14)
P -P P -P

ci Cci

Making use of Eq. (3.40), with w, expressed through (4.14), the total

displacement of a perfect column, under a proportional-loading imperfection system,

in terms of its linear displacement, is

og

P P
) = 3 S WP ) (4.15)
Wi = 3 Sl a0

ci

4.4 Loading Imperfections - Non-proportional Loading

The beam-column in this case is considered as a straight member of a rigid
jointed frame but subjected to a lateral load which is not proportional to the axial
load. The local beams connected to the column, may also have lateral loads that are
independent from the axial load of the column. As a result, non-proportional end
moments are induced on the column. During the loading procedure, it is assumed
that the lateral loads on the local beams, together with any lateral load on the

column, are applied prior to the application of the axial load.

In Fig. 4-3a the linearly deflected shape of such a beam-column is shown,

where end moments and displacements w”(x) are produced. The differential
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equation of equilibrium for this linear case may be written as

EIw"(0)” = ¢"(x) . (4.16)
When the axial load is applied, additional displacements along with extra end

moments m, and my are produced to give the deflected shape of total loading

shown in Fig. 4-3b. Since the linear deflection w"(x) satisfies the same geometric
boundary conditions as the characteristic functions ¢ (%), it can be considered as an

absolute and uniformly convergent series of the form

w"(x) = Z W;'n(b,'(x) s (4.17)
i=1
X m‘: lp
Ay %jé ( > m,
: \ w69
; w69 3
q” [ w ”(x) w' ) L

mg W _/ / w
n P
Mg
(a) (b)
Figure 4-3

where w," is the amplitude of the i™ critical mode representation of the linear

displacement of the non-proportionally loaded system; this could be termed the

modal non-proportionate load imperfection. The differential equation of equilibrium
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for the complete loading case of Fig. 4-3b takes the form
EIw" () +Pw''(x) = ¢"(x) . (4.18)
Substituting q"(x) from Eq. (4.16) into (4.18) yields
EI[wt‘”(x)—w"‘”(x)]+1>u§”(x) -0 . 4.19)

A procedure similar to that described in section 4.2 will give the modal

displacements wl.t and w, for the i term of the non-proportional loading system

w, = > CiPwi" and w, = 5 PPwi"

ci ci

(i=1,2,3,.) 420

and the relationship between the total non-linear deflection w’(x) and the linear
displacement w"(x)

-]

P .
wilx) = E > CZP w, 7 (x) 4.21)
i-1 P

cl

4.5 General Case of Imperfections

The distinct cases of a certain kind of imperfection which so far have been
examined, may be combined with each other, to give a general case of all possible

kinds of imperfections. Consider a beam-column which is not originally straight but

possesses an initial deflection w °(x). The column is subjected to a loading systemq?

that is proportional to the axial load, along with another, non-proportional system of

loading g”. The load ¢", acting first alone, produces on the column a deflection
w"(x), accompanied by moments m ™(x). Similarly the load g”, when applied,

produces the corresponding amounts of moment m?(x) and deflection w?(x).
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Retrieving the final forms for deflections of the preceding sections, we can

express the above general case. Equations (4.7), (4.14) and (4.20) show that for a

given axial load, the i” modal amplitude factor of the total deflection of the

member, wit, is proportional to the i modal amplitude factor of the corresponding

displacement, obtained from the fundamental (linear) state, where the effect of axial

load is ignored. Moreover the relation between w; and the axial force is not linear.

The linearity of w, with respect to w/’, w? and w,", indicates that the

principle of superposition, widely used when lateral loads act on a beam, can also

be applied to the case of a beam-column which combines all the kinds of

imperfections but in a somehow modified form. Any increase Aw, coming from a
corresponding increase of the lateral load ¢ " will be superimposed provided the

same axial load acts on the member. The modal amplitude factor, w, , therefore, for

the general case where there is a combination of imperfections on a beam-column,

can be expressed by the form

w! = ct <wl.o + win) + L w? | 4.22)

where

Ci = Wi0+ w? win (4.23)

is an amplitude factor of the total equivalent imperfection termed as modal

equivalent imperfection.

The corresponding total deflection, measured from the initially straight

position of the column, is
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o P
ty) = LY (4.24)
w'(x) 121: 5 p (0, ,

ci

while the non-linear incremental deflection due to the application of axial load is

‘oo

W) = W)W W) = Y - F S0 (4.25)

i=1 ci

The derivation of equations used in this chapter is independent of the
geometry of the cross section of the members. This is what makes the Ayrton-Perry

equation, initially discussed in section 1.1, have a general character.

When the non-linear deflection function has been established, the other non-
linear components, such as rotation and bending moment can readily be obtained.
The rotation, for instance, of the beam-column measured from the straight position
of the member at each point, can be obtained by the first derivative of Eq. (4.24)
with respect to x

0(x) = 2 i L) (4.26)
i-1 P,-P

ci

The total bending moment at each section of the beam-column may be

derived from the moment-curvature relation as
M) = - EI[w ! (x)- w of! (x)} ’ 4.27)

where M(x) is the function of the total bending moment. It must be noted that any

geometric distortions are supposed to be stress free. Substitution of w(x) from Eq.

(4.25) into (4.27) and rearranging yields

P
P.-P

ci

Lol + mP@+m"(x) (4.28)

M(x) = ~EIZW:
i=1
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where

mP(x) = -Elw ””(x)

I

(4.29)

m"(x) = —-Elw "”(x)

are bending moments obtained from a linear analysis in a proportionate and non-
proportionate loading system respectively and d);/(x) is the curvature of thej?

critical mode function. The first of the three terms on the right hand side of Eq.
(4.28) comprises the additional bending moment caused by the imperfections while
the other two terms are linearly obtained moments, i.e. before the axial load is

applied.

The modal equivalent imperfection, {,, is the only unknown in Egs. (4.24),

(4.25) and (4.28). The geometric imperfection, depending on the manufacturing
procedure of the structural members and erection of the structure, is a random
imperfection and therefore, has to be determined statistically. On the contrary, the
loading imperfections of a structure, either proportionate to the axial load or non-

proportionate, may be calculated mathematically.

4.6 Characteristic Function of Non-sway Critical Modes

Consider a column as a component of an intermediate floor in a multi-storey
and multi-span framed structure. If the end conditions of the member are similar, the
critical mode shapes of the column will be symmetrical or asymmetrical with respect
to an axis perpendicular to the mid-length of the column. This assumption of
symmetry is not far from reality for internal members of rigid-jointed frames and

controlled experimental testing, where identical end conditions are provided.

Fig. 4-4 shows the first three critical mode shapes of a column with these
characteristics. From the Harmann method, introduced in section 3.5, the buckling

shape of each critical mode is a portion of .a sine curve which exists between a
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Figure 4-4

certain number of points of contraflexures. This curve, in terms of a local co-

ordinate system, is given by the Eq. (3.19)

W(X) = Asin(kX) = Asin (LEX] (4.30)

€

where L, is the effective length of the column.

Using Eq. (3.9), the deflection function of the buckled column, being the
general solution associated with the characteristic value k; = n/L,; of the i * critical

mode in the same local coordinate system, is

W.(X) = A[sin(kX)+Bcos(k,X)+CX+D] . 4.31)
. L-iL,
Noting that X = x - 5 # . Eq. (4.31) can be written in terms of the global

system, (x,w), as
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i(x_L—iLa.) i[x_L—iLei)
Lei 2 Lei 2

+ Bcos

2

{ , _} 4.32)
w,(x) = A{sin +Cx+D

where

b-p-crith (4.33)
2

The terms in curly brackets of Eq. (4.32), according to what was referred in section

3.4, constitute the characteristic function ®,(x) of the i™ critical mode

L. 2 2L

ei ei

D,(x) = Sin(lt—x+l—n-n—L)+Bcos(n—x+l—;—— TrLJ+C:€+5. (4.34)

The constants B, C and D can be calculated from the conditions

®,(x) =0 at x =0 and x =L,

. L-iL, (4.35)
O, (x) =0 at x-= .
2
Application of the latter condition gives

Y 2

0=-|—|sin(0)-B|-=|cos(0) or B=0. (4.36)
Lei Lei
The first condition now yields
D= —sin|®_T"L) (4.37)
2 2L,

while from the second condition, after some trigonometric manipulations we obtain
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C=-2gn (“_’1) cos (‘_“J . (4.38)

The final form, therefore, of the characteristic function of the i # critical mode, may

be written as

®,(x) = sin nx,in_nL ——z—x-sin ~L cos ) sin in_=nl ) (4.39)
Lei 2 2Lei 2Lei "2 2 2 .l

If we differentiate Eq. (4.39) twice with respect to x, we obtain the curvature of the

critical modes

o) = - Ld gin[7X 0T _ AL (4.40)
' EI \L, 2 2L,

(4]

Making use of Eq. (4.28), Eq. (4.40) enables the bending moment at any section to

be calculated while the column has buckled in its i mode.

4.7 Elastic-plastic Path of Imperfect columns

The analysis developed in section 4.5 for the general case of imperfections
allows a complete determination of the behaviour of imperfect columns with any

arbitrary boundary conditions, if the total equivalent imperfection is given.

An imperfect column starts to deflect from the onset of axial loading. This
deflection, given through Eqgs. (4.24) and (4.25), gives rise to bending moments,
which in turn increase the curvature. The result is that, while the column might still

be in the elastic region, its response to the applied load is non-linear.

The maximum stress appears at the extreme fibres of the concave side of the

cross section where the maximum bending moment occurs and is given by
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o, = L. M (4.41)
A Z
Substituting for M from Eq. (4.28), the maximum stress becomes
P El|le— P i, v mP(x) m"x) (4.42)
o = —+ = C.o, (x) |+ + .
" A4 Z,;P.—P'd)'() Z Z

Cci
If the end conditions of the member are similar, the critical mode shapes will
be symmetric or antisymmetric with respect to an axis perpendicular to its mid-

length. In this case, the displacement

Wi(X) = Ci'q)i(x) (4'43)

of the i™ mode is convenient to be expressed in terms of the corresponding

normalized characteristic function

o) = Z"(x) , (4.44)

max

because then, in the expression of displacement,
W = 5o, 6® = Eo (4.45)

the amplitude factor, &, of the i™ mode, is the maximum deflection in that mode.

If we further assume that the contribution of the first symmetric critical mode to the
deflection and bending moment is very much greater than the contribution of
subsequent modes (in an example of section B.4 in Appendix B the corresponding

contribution of the first sway mode is highlighted), then, in the absence of linear

end-moments m? and m", the expression for the bending moment occurring at any

]

cross-section along the column, can be written as



Chapter 4 - The Non-linear Elastic Response. Theoretical Background

77

and hence stress as

P 1 PP
o(x) = —+—- E a.(x
® =3tz phnd
where :
nL( Zx)
2L, L ¢, ()
o,(x) = -
1._cos[ﬂ_L) kcl
2L,

(4.46)

(4.47)

(4.48)

Eqgs. (4.46 to (4.48) are obtained by combining relations (4.39), (4.40) and (4.43).
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Figure 4-5
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As the load is increased, the stress in the extreme fibres of the cross section
will eventually reach the yield level. The load which causes the initiation of yielding
is termed as first yield load, P, and is shown as point B in Fig. 4-5. The first yield
load is a lower bound to the collapse load and constitutes a failure criterion chosen

by Ayrton and Perry.

As the axial load is increased further, plastic yielding spreads over the section
area and the column deviates from its elastic non-linear path, following a new path
BDE. This is due to the higher rate of incgéase of column’s local curvature after the
inception of first yielding. The elastic-plastic portion BD of the curve is very
difficult to define. To overcome this difficulty the column is assumed to follow its
elastic path. The point of intersection, G, with the plastic collapse curve, is then
taken as a close estimate of the upper bound to the collapse load. The real buckling

load P, corresponds to point D and lies somewhere close to the level of point G.

4.8 Amplitude Factors

The non-linear elastic response of a structure, as discussed in the present
Chapter, was found to be related to its linear one. This relationship, concerning
displacements and bending moments for a general case of loading, is expressed by
Eqs. (4.24) and (4.28). From the above equations it can be seen that both total
displacement, w(x) and moment, M(x), embrace two parts. The first one is a non-
linear function of the axial load and expresses the load-displacement interaction; the
second one is obtained from a linear idealization and is independent of or
proportionate to the axial load. The linear displacements, usually called primary
deflections, may be the result of geometric and/or proportional and/or non-

proportional loading imperfections.

The primary deflections are generally termed as imperfections and they
compose the main reason for the existence of the non-linear part in both previous

equations. The objective of this section is to calculate and simplify the non-linear
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part of both the displacements and the bending moments. For this purpose, the

characteristic function of critical modes ¢,(x) was calculated in Section 4.6.

The primary deflections can be expressed in terms of the characteristic

functions of critical modes as

W) = Y wid,()
i=1

w20 = 3wl ) (4.49)
i-1

whx) = Y w0
i=1

where w°(x) is the initial deflection, w?(x) is the linear displacement as a result of

proportional loading and w "(x) is the linear deflection due to the non-proportional

loading. Relevant to these displacements are the amplitude factors w;°, w;, w," for
each critical mode.

Each term of Eqgs. (4.49) is a part of the related primary deflection associated

with the specified critical mode. If this specific part is multiplied by an amplification

factor of P/(P - P), then the non-linear portion of this part is generated. For each

kind of displacement, the summation of these linear parts along with their non-linear
portions for each mode, form, according to Eq. (4.24), the total displacement of the

member.

Since the elastic critical loads of lower modes are considerably lower than
those of higher modes, the amplification factors for the lower modes are much
greater than those of higher modes. Consequently, the contribution of lower critical
modes to the non-linear part of the displacement is most important, even if only the

first symmetric and antisymmetric critical modes are taken into account.

Apart from displacements, these arguments can be applied to the bending



Chapter 4 - The Non-linear Elastic Response. Theoretical Background R0

moments. The non-linear part of bending moment in Eq. (4.28) is considered to be

generated if each linear-bending-moment-term, is multiplied by the amplification
factor, P/(P - P) associated with the i critical mode. Thus it can be concluded

that the most vital portion of bending moments is associated with the first symmetric
and antisymmetric critical modes. Consequently, little accuracy will be lost if we
take the contribution of only the first two critical modes, to the development of the

non-linear moments. :

To determinate the non-linear contributions to deflections or bending
moments due to the first symmetric and antisymmetric critical modes, the

corresponding amplitude factors, need to be determined. Among the three amplitude
factors of Eq. (4.49), w,-o is associated with geometric imperfection, which is

random. Therefore it cannot be evaluated theoretically. Since the other two
amplitude factors are dependent on the loading condition of the member they can

be calculated mathematically.

The procedure that follows in determining the amplitude factors of the
loading imperfections is unified for both loading systems, proportional and non-
proportional. This is because the amplitude factors are dependent on the pattern of
loading and not on the system of loading (proportional or non-proportional). As a
matter of fact, each system of loading has exactly the same contribution in forming
the total deflection or bending moment, according to Egs. (4.24) and (4.28). So we
can interchange the two systems by replacing the superscripts p and »n between each

other.

Every pattern of loading can be considered as the result of superimposing a
symmetrical and antisymmetrical loading pattern. In sections where the magnitude
of deflection associated with symmetric critical modes becomes crucial, the
contribution of antisymmetric critical modes becomes lower and vice versa.
Therefore, the calculation of amplitude factors comprises only two cases of loading

patterns, symmetric and antisymmetric.
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4.9 Amplitude Factors of Loading Imperfections

The orthogonality conditions for critical modes of elastic members with any
kind of boundary conditions were discussed in Chapter 3. The solutions from the

eigenvalue analysis, which were also discussed there, lead to a set of linear

homogeneous equations where a non-trivial result at each critical load P, requires

EIQY()+P,4/(9) =10  i=12,.. (4.50)

In order to determine the amplitude factors of a non-proportionate loading

imperfection, Eq. (4.50) is multiplied by the linear displacement w"(x) and is

integrated over the entire length L of the member

fOLEchj”(x)w"(x)dx + P, fOL(pﬁ’(x)w"(x)dx =0 . (4.51)

Integrating the left hand side of Eq. (4.51) by parts and equating to zero transforms

this equation into

[ "E1¢/@yw"" (x)dx - P, [ ‘ol w () dx
0 0 (4.52)

i

= - (w @ [E16] (0 + Pd{)]) ]+ [w 0 EI ]

Eq. (4.52) holds for a member of the structure; by summing this equation for the

entire frame we obtain

% fOLEI¢§/(x)W ""®)dx - P, fo"(pﬁ Cw "' (Odx
(4.53)
17

= - %j {woe) [E16]' ) + P o]} + 3 W B )]

M

The two terms of the right hand side of this equation represent the work done by
shear forces and bending moments at the ends of the members. Hence due to
equilibrium considerations at the joints of the structure, these terms vanish except

where they refer to the ends of the members at points of support. If it is assumed
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that the frame is supported so that the reactions at the external supports do not work
when the structure deforms, (i.e. a pinned, free, or fixed end support), the terms on

the right hand side entirely vanish, and equation (4.53) becomes

Y [VEI cow " @ydx - 0 P [ “dlow dx = 0 (4.54)
M 0 Y 0

Expressing w”(x) in terms of critical mode functions and substituting into the

second term of Eq. (4.55), using the orthogonal relation (3.37) yields

" n L
%j [ E16] cow ™ o - w, >P, [6 dx =0 (4.55)

Using the normalising relation (3.39) in Eq. (4.55), the i ** amplitude factor of the

non-proportional loading imperfection can be obtained

Y [ B o™
W' = o . (4.56)
) fOLElcpﬁ’ 2(0dx
M

Conversely the expression for w™(x) can be substituted into the first term of Eq.

(4.54), where, following the same procedure as above, yields

Y. [ Padleow " s
W = M . (4.57)
Y [P wax
M

The same procedure may be used for the case of proportional loading. Here the same
formula as Eq. (4.56) is obtained, except that the superscript # is replaced by the

corresponding p.

An example of using the amplitude factor, as expressed in Eq. (4.56), for
calculating the sway loading imperfection when both ends are fixed rollers, is given

in section B.4 of Appendix B.



Chapter 5

Interaction of Elastic Stability

- Material Failure

5.1 Elastic-Plastic Behaviour

Before analysing or designing a structure it is necessary to establish a mental
image of the general behaviour of the material to be used. Then a theory can be
developed to formulate and analyse a mathematical model of the structure. In steel
structures a pure elastic material never exists in reality. The term ‘inelastic’ may be
used for a structure to show that its material does not follow Hooke’s law. The
simplest case of inelastic response is a plastic behaviour which occurs when the
material is elastic-plastic. A realistic material behaviour of Fig. 5-1 may be thus
idealised to a form shown in Fig. 5-2. In this idealisation the region of linear
elasticity is considered to finish when the yield stress is reached, after which follows
the region of perfect plasticity. For this reason the term perfect plastic material is

often applied to an elastic-plastic material.

Structural steels may be idealised as elastic-plastic materials because they
have sharply defined yield points and undergo large strains during yielding. The
assumption of perfect plasticity after the yield point, means that the effects of strain
hardening are disregarded. However, since strain hardening provides an increase in
the strength of the steel, it is generally safe to disregard it. The upper yield point of
rolled steel sections, for instance in a stress-strain diagram, is not often exhibited;

normally it is ignored and the lower yield point is taken as index of the yield stress.

The same applies for the strain €, at the beginning of strain-hardening which is

usually considerably greater than that at yield point €,.

Current research on structures and .strength of materials is generally
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concentrated on both their elastic and plastic behaviour. In an attempt to model this

behaviour in ductile materials such as mild steels, the yield characteristics were first

specified before the elastic-plastic theory is developed.

In Fig. 5-2 line OBC is considered as representative of the stress-strain
relationship of the steel structure and constitutes the basis of the elastic-plastic

theory, where elastic strains are taken into account. Therefore, in the design of a
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steel structure, this theory allows consideration of both the elastic stability and

material failure.

5.2 Design Model

The term ‘design’ in structural engineering may have a multiple use, usually
referring to the determination of either the cross section of one or more structural
members or their maximum loading capacity,!"so that a structure, as a whole, having
been made with economy and elegance, can safely resist the forces to which it may

be subjected.

Depending on the use of the structure, the definition for the safe design
varies. If the structure is made so that no permanent distortion is created when it is
under the applied loads, the elastic theory will be employed. In this case, the design
criterion -called working stress design - will be based on the fact that the maximum

stresses which develop on the elements must remain lower than the yield stress.

On the other hand in determining the ultimate load capacity of a structure,
the size of its members are chosen in such a way that a simultaneous collapse should
be possible to occur. In this case the elastic-plastic theory is used, where it is
assumed that the members remain elastic up to collapse load, when a plastic hinge
is produced somewhere in the member. This design criterion is called the ultimate

strength design.

In the design of steel structures on the basis of their ultimate load capacity,
referred to as plastic design, the service loads for the structure are multiplied by the
load factor to obtain the ultimate loads. The structure is designed for ultimate-load
conditions, using the concepts of plastic analysis. This approach contrasts with the
more familiar elastic design, in which a safety factor is applied to the yield stress
to give an allowable stress after which the structure is designed through concepts of

elastic analysis, so that the allowable stress is not exceeded.
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The essential difference between the two methods is that plastic design leads
to a structure having a more or less uniform factor of safety against failure of all its
parts, whereas an elastically designed structure has a uniform factor of safety against
yielding. Due to redistribution of bending moments during the inelastic action, it is
obvious that structures designed by these two methods will have different relative

proportions of their parts.

5.3 Strength Model

Consider the beam-column in Fig. 5-3 as a component of a rigid-jointed frame

subjected to a general loading system (proportional and non proportional). During

Fr .
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Figure 5-3
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loading, each cross section is under the combined action of an axial force P and a
bending moment M, as shown in Fig. 5-4a. For an elastic-plastic material in the
elastic range, the stress distribution across the depth of the cross section varies

linearly from one extreme fibre to another.

If the design criterion is to achieve first yield in structural members, the

maximum stress, occurring at the extreme fibres of the cross section, where the
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maximum bending moment is located, has to remain below or equal to the yield

(a) (b) (c)

Figure 5-4

stress, as shown in Fig. 5-4b. Denoting with P, the axial load required to produce

the yield stress o, at one of the extreme fibres, regardless of the geometry of the
cross section, the relationship between the axial load and the bending moment is

governed by the equation

y

SN

Mo o £+ﬂsl, 5.1)
Z Py My

where A is the area and Z the elastic modulus of the cross section.

In Fig. 5-5, Eq. (5.1) is represented from line AB, showing the strength limits

as long as the material remains elastic. In this graph, P = Ao is the axial load of

the column at full yield condition in the absence of bending moment, andMy =Za,

is the elastic moment capacity of the member in the absence of axial load.

¢

If the design criterion is to achieve the ultimate load capacity of the member,

once one of the extreme fibres yields, the stress in this fibre should remain constant
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until the stresses in all the fibres of the cross section reach the yield point, as shown
in Fig. 5-4c. Let Py, be the axial load required to produce this situation. Unlike the

working stress method, the relation between axial load and bending moment in the
ultimate strength method depends on the geometry of the cross-section and generally

can be written as

P/FE, !

1

0.8

Eq. (5.2)

sl 1
= (1) (2)
04 |- b
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! ) 8
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Figure 5-5
2
M, al(fﬁ) v, [ﬁ) - q,, (5.2)
M, P, P,

where M = S o, is the plastic moment capacity of the cross-section in the absence

of axial load and § is the plastic section modulus. The parameters «,, «, and o,

vary for different cross-sectional shapes. For a rectangular cross-section, Eq. (5.2)

becomes

. 2
M (BaY (5.3)
MP
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It was found by Chen® and Nethercot
section the parameters o, O, and o, do not vary significantly when the size of the
section changes. As an approximation for the sections of the same shape, these
parameters from both investigators are given in table 5.1. Chen’s parameters refer

to a wide flange section bending about its major and minor axis, while Nethercot’s

refer to rolled T and H sections.

Table 5.1 Function parameters of Eq. (5.2)

that for the same shape of cross-

Py,
For < P, < o, o, 0,
Chen Nethercot | Che Net Che Net Che Net
Bending about strong axis
0..0225 {0..0.200 0 0 2.378 2.5 1 1
0225..1 10200..1 |1.03 | 1.125 | 0.085 0 1.115 | 1.125
Bending about w e a k axis

0..0252 | 0. 0447 0 0 0.185 0.5 1 1
0252 .1 10447 .1 | -0.82 0 1.709 | 1.125 |0.888 | 1.125

Fig. 5-5 shows the expression given by Nethercot for the weak axis. The ratio M M,

is taken to be 1.51, which is almost correct for I and H sections bending about their

minor axis.
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5.4 Linear Failure - Squash Load

In the preceding section it has been assumed that the internal forces of each
cross-section were known. In reality, however, these forces not only are unknown
but they have to be analysed and calculated as accurately as possible. The linear
analysis is the first and simplest stage for this calculation, based on the elastic
theory, where the equations of equilibrium are derived assuming that the structure

v
5

remains undeformed.

Although the stress-strain relationship includes both the elastic and plastic
responses of a structure, the stiffnesses of its members are assumed to be constant
during the increase of load. As a result, a linear relationship between load and
displacement may exist. In this case a line which represents the change between the
load and the moment in an ever-increasing system of loading (Fig. 5-6), will
intersect the plastic failure curves 1 and 2 at different points, providing thus a limit

of failure in this analysis.

This type of failure is often called linear failure. Since this analysis
disregards the effect of instability, the only criterion considered in determination of
the member sizes and/or the loading capacity is material failure. Therefore, axial
loads, corresponding to the intersection points of the load-moment line with plastic

curves 1 and 2, are loads of material failure.

The axial loads which correspond to the intersection points with curves 1 and

2 are termed material failure loads occurring at the first yield, P ,» and the first

hinge, P

h respectively. Referring back to Fig. 5-3 where a beam-column is under

an increasing axial load, three different cases of linear failure are considered.

a) Without loading imperfections

In the absence of loading imperfections, during the increase of axial load, no

bending moment will be developed along the member length, even if the member
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is not perfectly straight. This is because the effect of instability is ignored in linear

analysis. In Fig. 5-6 this analysis is shown by the line OA. This line intersects both

plastic failure curves 1 and 2 at the same point A, where P/P =1.

P/PF,

Yy
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P /PN 2
Py 1P/ . H
P,/ porTTTTTT T = """"""""""""""""""""" /
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In the absence of bending moment, the load corresponding to this point is
called the squash load. Here the material failure loads corresponding to the first yield

and first hinge are equal, i.e.

=1 54

Bl
|

(5.5)

JO|®
l

b) Non-proportional loading system

The presence of a non-proportional loading system here results in the

existence of a bending moment, which is independent of the axial load. The
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magnitude of this moment is obtained for each cross-section through a linear

analysis. If m" is the maximum bending moment on the member, during the
increasing axial load, line BCD, with B at m"/M y in Fig. 5-6, will represent the

result of this analysis. This line intersects the plastic failure curves 1 and 2 at points
C and D, corresponding to linear failure of the member through the working stress
method and ultimate strength method respectively. The corresponding material
failure loads, occurring here at two levels, can be obtained by replacing P and M

with P, and m” in Eq. (5.1) and also M with m" in Eq. (5.2), i.c.

Py _om” (5.6)
Py MY
P P.\ n
@, _ﬁ)+a2(_ﬂ) L .7
P)’ PJ’ MP

¢) Proportional loading system

Here all the non-proportionate load components of the member are zero and
the linear analysis provides a linear relationship between axial load and bending
moment. If m” is the linear bending moment in a typical cross section, the term
e=m"/P may express an initial eccentricity of loading, which remains constant
throughout the load increase. In this case the straight line OEF, representing the

load-moment relation, has a slope, e/(Z/A), with the vertical axis.

The material failure loads, obtained from the intersection points of OEF with
the plastic failure curves 1 and 2, occur at different levels, as in case (b). They can
be calculated by substituting P and M for Py, and Pye in Eq. (5.1) and also M for
P,e in Eq. (5.2), i.e.

Po 1 (5.8)
P, 1+e/(ZIA)
[ e +a1)ffk+a2ﬁ2=a _ (5.9)
S/A P, P 3

y
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d) General mixed loading system

As a final case, the member is considered to be under both a proportional and
non-proportional loading system, as shown in Fig. 5-3. If m" and m” are the

corresponding magnitudes of bending moments, since m” depends on the axial force,

it can be written as m”? = P-e, where e is thé initial eccentricity. In this case, line
BGH, with B at m"/M,, and at a slope e/(Z/A) as in the previous case shows the result
of this linear analysis. This line intersects the plastic failure curves 1 and 2 at points
G and H, providing thus the corresponding squash loads for the two methods.
Substituting P and M for P, and m"+P,e in Eq. (5.1), Py, is obtained, while putting
m"'+Pge in place of M in Eq. (5.2) the corresponding expression for P, can be

derived.

1_ m
Py M, (5.10)
Py 1+ e
Z/A
P P\ "
ECEUWO L S 0} IR (5.11)
S/A P, P, M,

5.5 Elastic Critical Load

The material failure load as discussed in the preceding section is a limit load
for a beam-column, when the material failure is considered. Similarly the elastic
critical load is another limit when we refer to elastic stability of the member. The
analytical calculation of the elastic critical load was discussed in chapter 3. The
instability problem in a rigid jointed frame may be generally classified as either

member or frame instability.

When a frame is completely braced against side-sway, the only instability
problem is member instability. The lowest elastic critical load can be obtained either

by an eigenvalue analysis or by effective length charts. In a frame where side sway
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is not prevented, both member instability and frame instability have to be

considered.

Regarding both member and frame instability in chapter 3, the Eigenvalue
analysis showed that a perfect column might bifurcate at several load levels. Each
one of them is the elastic critical load corresponding to a different mode (shape) of
the unstable member. In determining the buckled shape of this column two kinds of

critical modes may be classified: '
1) Symmetric, associated with non-sway and
ii) Antisymmetric, associated with sway.

The term symmetry is used here when the buckled shape is symmetric with respect
to an axis perpendicular to the mid-length of the column, whereas antisymmetry is
used when the buckled shape is symmetric with respect to the mid-point of the
column. For a member, considered as part of a rigid-jointed frame, the ratio of the
loads for the first symmetric critical mode to the first antisymmetric one can vary,
depending on the boundary conditions (end restrains) and the stiffness of the

surrounding frame.

The main theme of this thesis is to highlight those situations where the first
two critical loads, as a result of the frame geometry, may be close together and
consequently both critical modes contribute to the elastic-plastic imperfection
sensitivity. In design and analysis the first critical load is of supreme importance
because it provides an upper bound solution for an elastic-plastic beam-column when

the effect of material failure is not involved in the corresponding procedure.

5.6 Design Criteria

In the discussion developed in previous Chapters, it was established that the
imperfection approach is the only rational way to predict the strength of a column
presenting one degree of freedom. According to this analysis, the column strength

for this degree of freedom was found to be a function of the Euler’s critical load,
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P., and the total equivalent imperfection.

For a given column, presenting more than one degrees of freedom (biaxial
buckling, sidesway frame-buckling), an efficient design would therefore meet the

following requirements:
a) maximization of Euler’s critical load

b) minimization of total equivalent imperfection and

c) close buckling strength for each of the available degrees of freedom of the

column.

The first requirement can be covered through any standard structural
mechanics text book while the second can be accomplished by improvements in the
manufacturing process, the quality of workmanship and the loading pattern of the
structure. The third requirement, concerning the simultaneity of buckling in all the
degrees of freedom, is a subject of the coming theoretical investigation and does not
appear to have been addressed in the available design codes. The term simultaneity
of buckling has here a relative meaning, indicating that the difference between the
buckling strengths should be as small as possible; if the buckling strength of one
degree of freedom is significantly higher than that to initiate instability or failure to
the other degree(s), then a situation arises at failure, in which much of the buckling
resistance with respect to the other degree(s) remains unutilized. This simultaneity
may be accomplished as a result of optimisation of the column’s geometry in
combination with an optimisation of its surrounding frame, i.e. by a proper choice
of cross section sizes and lengths of the frame. Such optimisation is shown in Fig.
6-1 for the sway and non-sway critical loads versus the ratio of the beam’s over the

column’s second moment of area.

Equivalent argument could be applied for biaxial buckling; Fig. 5-7 shows
in sketch that for a column with constant I section, its critical loads, corresponding
to each of the two axes, being dependant on the cross sectional and effective length
characteristics, may be represented by different curves, the intersection of which

gives the optimum geometry with a simultaneity in buckling loads.
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Columns with comparable strength with respect to all degrees of freedom will
experience an interaction between various buckling parameters of these degrees.
Possible reduction in the load carrying capacity, resulting from this interaction is not

explicitly covered by current design codes, including those in BS 449 and BS 5950.

The criteria which are going to be used in the determination of the buckling

strength, as described in the present Chapter, are:

1. The First Yield Condition, where the column is considered to have failed
if the stress at some point on the cross section, at which the maximum bending
moment occurs, reaches the yield level. The axial load causing the initiation of
yielding in the column, according to this criterion, is a lower bound to the collapse

load, and

2) The First Plastic Hinge Formation, where the column is considered to
have failed when the stresses have reached yield at every point on the cross section
at where maximum bending moment occurs. This consideration is not far from
reality even for a restricted column which composes a part of a frame. This is
because the second and third plastic hinges, necessary to convert the structure (after
redistribution of bending moments) into a mechanism, are formed almost
simultaneously without a significan‘t increase of axial load. Therefore the load
necessary to cause a plastic hinge formation may be considered as a close upper

bound to the collapse load.
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5.7 First Yield Analysis

The initial out-of-straightness, usually referred as the geometric imperfection,

can be expressed in terms of a converging series as
wo@) = Y wid,(x) (5.12)
i=1
where, for the i ** mode, ¢, (x) is the characteristic function and w,” is the amplitude

factor termed as modal geometric imperfection.

If an axial load P is applied, a non-linear increase of deflection will be given
by

o

W@ = Y= £ 0, (5.13)

i=1 ci

which when added to the initial imperfection gives a total displacement

wix) = f: PP“PW,."¢,. ) . (5.14)
i=1 -

ci

The amplitude factor

(5.15)

which corresponds to the non-linear increase, can be similarly derived for
proportional, w” and non-proportional, w", loading imperfections because the

corresponding equations are identical. So we can write

w, = 4 (5.16)

where  (; = w’+wf+w" is the amplitude factor of the total equivalent
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imperfections.
The non-linear deflection due to the axial load, being therefore

o

W(X) = Z PPPC,‘b,(x) (5'17)
i1 Fo

gives rise to the calculation of bending moment at any section, which thus is

N
M

M= -EW'() = -EIY —2 ¢4l + mP s+ m” (5.18)
i=1 Pci‘P
where mP?(x) = —EIw””(x) and m"(x) = -Elw ”//(x) are linearly obtained

bending moments.

The maximum stress of the column, occurring at the extreme fibres of the
concave side of the cross section that bears the maximum bending moment, is given

by the equation

Q
i
o | Ny

.M (5.19)
Z

which, after substitution for M from (5.18) yields

P El|«— P I
O = —+ — o, (x
n 1t Z ;P._PC,Q()

ci

. mP(x) . m"(x) (5.20)
Z Z

If we consider that only two of the first critical modes contribute to the
maximum bending moment, i.e. the sway mode, associated with antisymmetric

configuration, and the non-sway, associated with symmetric, we can write

P EI

= — 4 —

o
" A Z

I
P -P

()

. mP(x) . m "(x) (5.21)
zZ Z

0L + ¢, 400

Assuming the column to have failed when o, = o, in the absence of linear
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moments, a lower bound to the collapse load, P, is given by the solution of the

equation
P P P P_P
B _ Py, PPy G PPy G (5:22)
A A P-P Z PP Z

where : P.,, P, are respectively the Ist and 2nd critical loads,

£, €, are the corresponding amplitudes of the total equivalent
imperfections as defined from Eq. (4.45) and
o, P are curvature parameters which are numerically calculated and
can be theoretically derived, as in Eq. (4.48), as follows:
The first derivative of the corresponding characteristic function (function-index s fora
and n for P ), is equated to zero, yielding the location of maximum deflection,

which can then be calculated. If ¢, is the maximum value of the i

characteristic function, the ratio 7 is the normalized characteristic function. The

lmax

second derivative of this ratio divided by —kfi gives the corresponding value for
o (i=s) and P (i=n).

A theoretical handling to solving this equation is not easy because the
location of maximum bending moment for each mode-case is different. The
maximum sum of bending moments for the first two modes, therefore, can only be

calculated through computer based iteration techniques.

Rewriting Eq. (5.22) in a non-dimensional form and rearranging yields

plg_plz(pcspsa -"pcnpnB +pcs+pcn+1>+p‘l[pcspcn(psa ernB +1)+pcs+pcn]_pcspcn=0 (5.23)
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P
where: p, = —% is the unknown non-dimensional load at first yield
P,
- P _ P the first t di ional critical loads and
D, = 7’ j 2 are the first two non-dimensional critical loads an

A A . . . . .
=Ef =, p,6 =& = are dimensionless imperfection parameters, in
pS S Z n n Z

which Z is the elastic section modulus.

As p, ~ 0, Eq. (5.23) can be reduced to equation

PL P (PP Pos Py 1) HP1[PosPen (P 1)+ Py * P PesPon™ O 529

which is the Ayrton-Perry expression for the sway buckling. Similarly, as p_~ O

Eq. (5.23) provides the Ayrton-Perry equation for the non-sway buckling

P D1 (PenPu + Py Pon 1) Pr[PosPn (018 41) Py Poy] PsPen™ O (5:25)

The above single-mode cases represent respectively the intersections of the (p, p,)
and (p, p,) planes with the imperfection sensitivity surface at first yield shown in
Fig. 5-8. Furthermore, they can be considered to be originated or derived from the
original Ayrton-Perry equation (1.4), which is thus validated. Indeed, using the

above notation, Eq. (1.4), for the non-sway case can be written as
(p.,-p)(1-p)-ppp,=0, (5.26)
which, after factorisation by (p,-p_) # 0 and rewriting, takes the form

Py =Py (14 Py Pyt PP ) * Py(Pest Pon* PesPon* PP osPen) PesPen = 0 527

that is exactly the same with the corresponding given in Eq. (5.25), where the

parameter B is used to compensate for the buckling shape in this mode. Similarly

Eq. (1.4) for the sway case can be written as
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(p,-p)(-p)-ppp,=0, (5.28)

which, after factorisation by (p,-p_) # 0 and rewriting, takes the form

3 2
Pi=P1 (14D Peyt PP+ Pi(Pest Poy* PosP o PPesP o) PoPen = 0 529
that is exactly the same with the corresponding given in Eq. (5.24), where the
parameter o is used to compensate for the buckling shape in that mode.
In the case of loading imperfections, where a non-proportional linearly

obtained bending moment m " is present at the cross section of maximum moment

coming from both modes, the total bending moment

PP PP
_ cS gsa + cN ENB +m" , (5.30)
P -P P,-P

arising from Eq. (5.21) must be simultaneously satisfied with

Mmoo [P£)2 , (5.31)
m
p

y

holding for rectangular cross section where P = o bd and m, = oybd2/4.

Eq. (5.30) can be non-dimensionalised with respect to a plastic squash load,

Pp, defined from (5.31) as

2 hn
(i) -1 m , (5.32)
Py m,
and therefore it becomes
n 2
m_ PPCS.ESOC+ PPCN'EN5+m :1_(£) . or (533)
m, Pcs_P m, EPcN—P m, m, Py
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2 2
PP, &a PPy EB (PY (P, . (5.34)
PP m, P,-P m, P

Multiplication by (P, /Pp)2 gives

2 -
PP .‘Es“(ﬂ] , PPy ._‘iﬁ(ﬂ PY . (5.35)
PP m,|\P,) P,P m|P| |P
which upon use of %
P P P
p = £ s Dy = cS , ch = cN and py = _ 2 (5.36)
P, P, P, P,
results in
o
PD g _Es Pp,+ PPy ﬁ D, - 1-p%, or (5.37)
pcsﬁp mp ch_p mp
PPs(Pey-PIP5Py % + PPy (Ps~PIPSB = (1-pD(P-P)p s p) 38
Ao A A
where pg = ts40, _ s and py = -EN—
9,2, Z, Z,

Solution of Eq. (5.38) for p yields p > where from, eventually, the first yield over

the squash load (in the absence of m ™) ratio can be obtained from

P mm

7fy = p, | 1- (5.39)
y My

From this point of view, when loading imperfections arise from linearly applied

bending moments, the final result of P, [P, ratio has to be obtained through Eq.

(5.39).



Chapter 5 - Interaction of Elastic Stability - Material Failure 103

Given the geometry of the column, its first two critical loads and loading
imperfection parameters are either known or can be calculated. Therefore, Eq. (5.23),
which is independent of the shape of the cross section, can be solved by iterative

techniques for the non dimensional buckling load.

Imperfection sensitivity
Surface

at plastic
/ginge

at first yield

Figure 5-8

The solution of the above equation has been realised and verified through two
independent iterative computational techniques, one of which is the Newton-Raphson
approximation. This approximation has been incorporated in the main program for
a cross-checking of the results. The algorithm of the subroutine which belongs to the

main program is described in the end of section 5.8.

The objective here was to establish the extent of interaction between the
imperfection parameters on the buckling strength of the column. This strength can

be varying as shown in Fig. 5-8 for the p, surface.

For an illustrative frame geometry, the reduction of the buckling strength of

the column at first yield, presenting sway and non-sway imperfections and obtained
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through the above subroutine of the program, is given in Fig. 5-9.

The result highlights the effect that the sway and non-sway imperfections
have on the quantative reduction of the yield load of the column. This reduction is
increased as the difference between P, and P, decreases. The maximum reduction

corresponds to P, = P .

0.361 Non-sway impeerfections - X l
p,=037 Iy
0.74 E
0.34 1 111 £ w,\ !
148 o i Is
D ;
. 0821 N
N, |
™~ 0.3 - > ;
286 mm 286 mm
Q® ! | n_
w0287 E = 195 kN/mm?
Q:\ 0.26 - Uy- 0.365 -"-
0.24 -
0.22 -
0-% T T T 1 T T T 1
37 0.74 1.11 1.48 1.85 222 2.59 2.96 3.33

Sway Imperfections P,

Figure 5-9

5.8 Plastic Collapse Analysis

In this section as a subsequent step of the first yield analysis, a mechanism

by which a plastic failure occurs, is to be examined.

The Generalized Ayrton-Perry (G.A.P.) imperfection approach, as discussed
in Section 4.5, has fully identified the non-linear response of imperfect columns. In
Section 5.7 this approach has been extended to cover the case of two-mode-buckling,
where it was found that for columns containing imperfections with respect to two

different modes (degrees of freedom) occurring in the same plane, there will be two
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modes contributing to the bending moments about the minor axis, both of which are
non-linearly related to the axial load. This means that the bending moment at each
cross section will have components contributed from both the sway and the non-

sway modes.

For a given geometry of the column with corresponding boundary conditions
arising from the stiffness of its surrounding frame and imperfections from both the
sway and the non-sway modes, there always exists a plastic collapse surface, similar
to the imperfection sensitivity surface pf Fig. 5-8, which depicts all possible
combinations between axial load and imperfections of both modes, that can exist in

equilibrium with a fully plastic section.

In this coordinate system there is always a space-line, referred to as the
Elastic Non Linear Path, which the above column follows as its axial load increases.
This path is a function of the axial load, the first two critical loads, and the

imperfection parameters corresponding to the first two modes.

The point where the elastic non-linear path intersects the plastic collapse
surface is considered to be a close estimate of the upper bound solution to the

collapse load.

The relationship between axial load and bending moment in an imperfect
column has been given by Eq. (5.18). This equation, taking stresses for first yielding
into account, has been eventually transformed into Eq. (5.22). Referring to this
equation and following the same line of thought but in the case of full plasticity, we

can end up in the equation

D3 DyP s 4 P B Py P PP P P50 01B 1) 4D P PP, =0 A0

which is similar to Eq. (5.23), but, while p_, p_ keep the same values,

p, = ?fﬁ is the unknown non-dimensional load at first hinge and
y

¢

A : : : : . .
Py = &, —, p, = E”? are dimensionless imperfection parameters, in which
P
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Z, is the plastic section modulus of the cross section.

For comparison reasons Fig. 5-10 illustrates the reduction of buckling strength
of the column at first hinge, obtained for a frame geometry which is the same with

that used for the first yield.

Non-sway impeerfections

pr=037
074

0.32

0.3

B’ Fy

0.28 -
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N
QY 026
p E = 195 kN/mm 2
cS _ ' - "
0.24- B = 1.083 o,~0.365 -"-

0.22 -

0357 o074 141 148 185 222 259 96 333
Sway Imperfections Py

Figure 5-10

To cover not only the two-mode-contribution but a more general case, where
a larger number of critical modes is demanded, an extension of the subroutine used
in the main computer program for the first yield load, was developed according to

the following algorithm:

a) Initially a zero axial load, P, is given. This load, which is increased at each
step by small increments, dP, is then compared with the first critical load, P, and

¢

the squash load, P,.

b)If P< P, and P < Py, then the following ¢, d and e steps are executed,
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otherwise the first critical load or the squash load are respectively announced as

failure load.
¢) The contribution that each one of the demanded critical modes has,
i) in the deflection of the column (buckling shape)
ii) in the moment due to first.yield, My, and plastic hinge, M, and

iii) in the elastic non-linear bending moment, M, is calculated.

nl»

d) M,, is compared with My,. If M}, < M, then the values of P, M,,, My, and
M, are recorded in a file to be further used as data for the elasto-plastic path graph
and a new increment of load is added to the previous value. This procedure is
orM, >M

repeated until either M, =M when a negative half increment, -dP/2

fy? fy>

is added, so that the load level for initiation of yielding should be exactly located,

when after it is announced.

e) Provided that P < P_, the load-level for plastic hinge formation is similarly

cr?

located and announced, when further calculations stop.

An output of the software results obtained for both first yield and first hinge

failures is given at the end of this chapter.

5.9 The Effect of Buckling-mode-interaction

The phenomenon of interaction between the sway and the non-sway buckling
modes, as discussed in Chapter 1, has different effects on the failure at different

locations of the column.

For a column without imperfections belonging to a certain frame geometry,

the first yield over the squash load ratio, p,, has a definite value. Application of
different combinations of imperfections (p_, p,) on this column, results of course

in a reduction of p,. The different values of py» corresponding to each pair of
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Figure 5-11

p,, p, may be depicted, as discussed in Section 5.7, in the first yield imperfection

sensitivity failure surface p,; for each failure point of the surface, the location of

yielding along the column’s length may be anywhere (end, mid span or somewhere
in between). However, if we are interested in having yielding failure at a certain
localized column area (mid span or ends), then the resulting points should compose
a surface which may or may not be sensitive to interactive elastic-plastic buckling.
This is because the failure effect of the sway imperfections is mainly limited at the
ends of the column and secondarily at the middle. The same does not apply with the
non-sway imperfections, which influence the yielding failure mainly at the mid span

and secondarily at the ends.

Fig. 5-11 illustrates the effect of interaction between the two buckling modes
in the presence of both imperfections when the yielding failure occurs at mid span,

while Fig. 5-12 depicts a corresponding quantitative interaction effect for end
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Figure 5-12

yielding failure. Both surfaces correspond to the same frame geometry where the

same incremental amount of both imperfections was applied.

In Fig. 5-11, where only mid span failure is considered, p, does not seem to

reduce in the presence of only p_. This does not necessarily mean that p, is

constant; it reduces according to Fig. 5-12 due to an end failure. However, if first

yielding was prevented at the ends of the column, say by gradual local increase of
cross section sizes, then p, would actually keep a constant value as shown in Fig.

5-11.

5.10 Output of Failure software Results

In this section a full set of data and results concerning the frame geometry

and the graphs shown in Fig. 5-10 (first yield) and 5-11 (first plasticity) is presented
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for a range of sway and non-sway imperfections.

MEMBER PROPERTIES

No L b d A I Zel Zpl Y .str
1 29800 5.00 13.00 6244 12570 5028 81.45 0.360
2 286.00 6.00 13.00 7344 209.00 69.67 117.71 0.360
3 298.00 6.00 13.00 7344 209.00 69.67 117.71 0.360

Rotational SYMMETRIC (Non-sway) Stiffness of frame = 1398.21 kN*mm/rad
Rotational ANTISYMMETRIC (Sway) Stiffness of frame = 1706.41 kN*mm/rad

Translational (Sway) Stiffness of frame =

27.93 N/mm

EIGENVALUES & EIGENVECTORS

Sol kL Pc C1 C2 delta theta_ A Mode-Case
1 5.642 8.7871 1.00  -0.332 0.000 0.006 Non-Sway
2 5.736 9.0802 1.00 3.560 -24.006 -0.005 * Sway

SQUASH Load = 22477 kN
POINT 1 of CURVE 1
Run 1) For RHO_sway = 0.37, RHO_non-sway = 0.37, are:

First YIELD Load = 7.865 kN,
First HINGE Load = 8.336 kN,
POINT 1 of
Run 2) For RHO_sway = 0.37,
First YIELD Load = 7.801 kN,
First HINGE Load = 8.314 kN,
POINT 1 of
Run 3) For RHO_sway = 0.37,

First YIELD Load = 7.704 kN,
First HINGE Load = 8.276 kN,
POINT 1 of

Run 4) For RHO_sway = 0.37,
First YIELD Load = 7.580 kN,
First HINGE Load = 8.223 kN,
POINT 1 of
Run 35) For RHO_sway = 0.37,

First YIELD Load = 7.441 kN,
First HINGE Load = 8.156 kN,
POINT 1 of

Run 6) For RHO_sway = 0.37,

Pfy/Py = 0.350 at x = 158.93 mm
Pfh/Py = 0.371 at X = 158.93 mm
CURVE 2

RHO_non-sway = 0.74, are:
Pfy/Py = 0.347 at x = 173.83 mm
Pfth/Py = 0.370 at X = 168.87 mm
CURVE 3

RHO_non-sway = 1.11, are:
Pfy/Py = 0.343 at x = 183.77 mm
Pfh/Py = 0.368 at X = 178.80 mm
CURVE 4

RHO_non-sway = 1.48, are:
Pfy/Py = 0.337 at x = 188.73 mm
Pth/Py = 0.366 at X = 183.77 mm
CURVE 5

RHO_non-sway = 1.85,
Pfy/Py = 0.331
Pfh/Py = 0.363
CURVE 6

RHO_non-sway = 2.22, are:

are:
at x = 198.67 mm
at X = 193.70 mm
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First YIELD Load = 7.295 kN,
First HINGE Load = 8.079 kN,
POINT 1 of

Run 7) For RHO_sway = 0.37,
First YIELD Load = 7.146 kN,
First HINGE Load = 7.996 kN,
POINT 1 of
Run 8) For RHO_sway = 0.37,
First YIELD Load = 6.998 kN,
First HINGE Load = 7.907 kN,

POINT 1 of
Run 9) For RHO_sway = 0.37,
First YIELD Load = 6.856 kN,
First HINGE Load = 7.816 kN,

POINT 2 of

Run 10) For RHO_sway = 0.74,

First YIELD Load = 7.201 kN,
First HINGE Load = 7.949 kN,
POINT 2 of
Run 11) For RHO_sway = 0.74,
First YIELD Load = 7.170 kN,
First HINGE Load = 7.935 kN,
POINT 2 of
Run 12) For RHO_sway = 0.74,
First YIELD Load = 7.120 kN,
First HINGE Load = 7.910 kN,
POINT 2 of
Run 13) For RHO_sway = 0.74,
First YIELD Load = 7.054 kN,
First HINGE Load = 7.876 kN,
POINT 2 of

Run 14) For RHO_sway = 0.74,

First YIELD Load = 6.975 kN,
First HINGE Load = 7.834 kN,
POINT 2 of

Run 15) For RHO_sway = 0.74,
First YIELD Load = 6.885 kN,
First HINGE Load = 7.784 kN,
POINT 2 of
Run 16) For RHO_sway = 0.74,
First YIELD Load = 6.787 kN,
First HINGE Load = 7.728 kN,
POINT 2 of
Run 17) For RHO_sway = 0.74,

Pfy/Py = 0.325 at x =203.63 mm
Pfh/Py = 0.359 at X = 198.67 mm
CURVE 7
RHO_non-sway = 2.59, are:
Pfy/Py = 0318 at x =203.63 mm
Pfh/Py = 0.356 at X = 203.63 mm
CURVE 8
RHO_non-sway = 2.96, are:
Pfy/Py = 0.311 at x = 208.60 mm
Pfh/Py = 0.352 at X = 203.63 mm
CURVE 9
' RHO_non-sway = 3.33, are:
Pfy/Py = 0.305 at x = 208.60 mm
Pfh/Py = 0.348 at X = 208.60 mm
CURVE 1
RHO_non-sway = 0.37, are:
Pfy/Py = 0.320 at x = 153.97 mm
Pfh/Py = 0.354 at X = 153.97 mm
CURVE 2
RHO_non-sway = 0.74, are:
Pfy/Py = 0.319 at x = 163.90 mm
Pfh/Py = 0.353 at X = 158.93 mm
CURVE 3
RHO_non-sway = 1.11, are:
Pfy/Py = 0317 at x = 168.87 mm
Pfh/Py = 0.352 at X = 168.87 mm
CURVE 4
RHO_non-sway = 1.48, are:
Pfy/Py = 0.314 at x = 173.83 mm
Pfh/Py = 0.350 at X = 173.83 mm
CURVE 5
RHO_non-sway = 1.85, are:
Pfy/Py = 0.310 at x = 178.80 mm
Pfh/Py = 0.349 at X = 178.80 mm
CURVE 6
RHO_non-sway = 2.22, are:
Pfy/Py = 0.306 at x = 183.77 mm
Pfh/Py = 0.346 at X = 183.77 mm
CURVE 7
RHO_non-sway = 2.59, are:
Pfy/Py = 0.302 at x = 188.73 mm
Pfh/Py = 0.344 at X = 188.73 mm
CURVE 8

RHO_non-sway = 2.96, are:



Chapter 5 -

Interaction of Elastic Stability - Material Failure

112

First YIELD Load = 6.685 kN,
First HINGE Load = 7.665 kN,
POINT 2 of

Run 18) For RHO_sway = 0.74,
First YIELD Load = 6.581 kN,
First HINGE Load = 7.599 kN,
POINT 3 of
Run 19) For RHO_sway = 1.11,

First YIELD Load = 6.667 kN,
First HINGE Load = 7.603 kN,
POINT 3 of

Run 20) For RHO_sway = 1.11,
First YIELD Load = 6.649 kN,
First HINGE Load = 7.593 kN,
POINT 3 of
Run 21) For RHO_sway = 1.11,
First YIELD Load = 6.619 kN,
First HINGE Load = 7.576 kN,
POINT 3 of
Run 22) For RHO_sway = 1.11,
First YIELD Load = 6.579 kN,
First HINGE Load = 7.552 kN,
POINT 3 of
Run 23) For RHO_sway = 1.11,
First YIELD Load = 6.529 kN,
First HINGE Load = 7.522 kN,
POINT 3 of
Run 24) For RHO_sway = 1.11,
First YIELD Load = 6.471 kN,
First HINGE Load = 7.486 kN,
POINT 3 of
Run 25) For RHO_sway = 1.11,
First YIELD Load = 6.404 kN,
First HINGE Load = 7.445 kN,
POINT 3 of
Run 26) For RHO_sway = 1.11,
First YIELD Load = 6.334 kN,
First HINGE Load = 7.400 kN,
POINT 3 of
Run 27) For RHO_sway = 1.11,
First YIELD Load = 6.260 kN,
First HINGE Load = 7.350 kN,
POINT 4 of
Run 28) For RHO_sway = 148,

Pfy/Py = 0.297 at x = 193.70 mm
Pth/Py = 0.341 at X = 188.73 mm
CURVE 9
RHO_non-sway = 3.33, are:
Pfy/Py = 0.293 at x = 193.70 mm
Pfh/Py = 0.338 at X = 193.70 mm
CURVE 1
RHO_non-sway = 0.37, are:
Pfy/Py = 0.297 at x = 153.97 mm
Pfh/Py = 0.338 at X = 153.97 mm
CURVE 2
’ RHO_non-sway = 0.74, are:
Pfy/Py = 0.296 at x = 158.93 mm
Pfh/Py = 0.338 at X = 158.93 mm
CURVE 3
RHO_non-sway = 1.11, are:
Pfy/Py = 0.294 at x = 163.90 mm
Pfh/Py = 0.337 at X = 163.90 mm
CURVE 4
RHO_non-sway = 1.48, are:
Pfy/Py = 0.293 at x = 168.87 mm
Pfh/Py = 0.336 at X = 163.90 mm
CURVE 5
RHO_non-sway = 1.85, are:
Pfy/Py = 0.290 at x = 173.83 mm
Pfh/Py = 0.335 at X = 168.87 mm
CURVE ©
RHO_non-sway = 2.22, are:
Pfy/Py = 0.288 at x = 173.83 mm
Pfh/Py = 0.333 at X = 173.83 mm
CURVE 7
RHO_non-sway = 2.59, are:
Pfy/Py = 0.285 at x = 178.80 mm
Pfh/Py = 0.331 at X = 178.80 mm
CURVE 8
RHO_non-sway = 2.96, are:
Pfy/Py = 0.282 at x = 183.77 mm
Pth/Py = 0.329 at X = 178.80 mm
CURVE 9
RHO_non-sway = 3.33, are:
Pfy/Py = 0.278 at x = 183.77 mm
Pfh/Py = 0.327 at X = 183.77 mm
CURVE 1

RHO_non-sway = 0.37, are:
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First YIELD Load = 6.225 kN,
First HINGE Load = 7.291 kN,
POINT 4 of
Run 29) For RHO_sway = 1.48,
First YIELD Load = 6.214 kN,
First HINGE Load = 7.284 kN,

POINT 4 of
Run 30) For RHO_sway = 1.48,
First YIELD Load = 6.193 kN,
First HINGE Load = 7.270 kN,

POINT 4 of
Run 31) For RHO_sway = 1.48,
First YIELD Load = 6.165 kN,
First HINGE Load = 7.253 kN,

POINT 4 of

Run 32) For RHO_sway = 1.48,

First YIELD Load = 6.132 kN,
First HINGE Load = 7.231 kN,
POINT 4 of

Run 33) For RHO_sway = 148,

First YIELD Load = 6.091 kN,
First HINGE Load = 7.203 kN,
POINT 4 of

Run 34) For RHO_sway = 1.48,

First YIELD Load = 6.045 kN,
First HINGE Load = 7.173 kN,
POINT 4 of

Run 35) For RHO_sway = 1.48,

First YIELD Load = 5.996 kN,
First HINGE Load = 7.138 kN,
POINT 4 of

Run 36) For RHO_sway = 1.48,

First YIELD Load = 5.939 kN,
First HINGE Load = 7.099 kN,
POINT 5 of

Run 37) For RHO_sway = 1.85,

First YIELD Load = 5.850 kN,
First HINGE Load = 7.008 kN,
POINT 5 of

Run 38) For RHO_sway = 1.85,

First YIELD Load = 5.840 kN,
First HINGE Load = 7.001" kN,
POINT 5 of

Run 39) For RHO_sway = 1.85,

Pfy/Py = 0.277 at x = 153.97 mm
Pfh/Py = 0.324 at X = 153.97 mm
CURVE 2
RHO_non-sway = 0.74, are:
Pfy/Py = 0.276 at x = 153.97 mm
Pfh/Py = 0.324 at X = 153.97 mm
CURVE 3
RHO_non-sway = 1.11, are:
Pfy/Py = 0.276 at x = 158.93 mm
Pfh/Py = 0.323 at X = 158.93 mm
CURVE 4
RHO_non-sway = 1.48, are:
Pfy/Py = 0.274 at x = 163.90 mm
Pfh/Py = 0.323 at X = 163.90 mm
CURVE 5
RHO_non-sway = 1.85, are:
Pfy/Py = 0.273 at x = 168.87 mm
Pfh/Py = 0.322 at X = 163.90 mm
CURVE 6
RHO_non-sway = 2.22, are:
Pfy/Py = 0.271 at x = 168.87 mm
Pfh/Py = 0.320 at X = 168.87 mm
CURVE 7
RHO_non-sway = 2.59, are:
Pfy/Py = 0.269 at x = 173.83 mm
Pfh/Py = 0.319 at X = 173.83 mm
CURVE 8
RHO_non-sway = 2.96, are:
Pfy/Py = 0.267 at x = 173.83 mm
Pth/Py = 0.318 at X = 173.83 mm
CURVE 9
RHO_non-sway = 3.33, are:
Pfy/Py = 0.264 at x = 178.80 mm
Pth/Py = 0.316 at X = 178.80 mm
CURVE 1
RHO_non-sway = 0.37, are:
Pfy/Py = 0.260 at x = 153.97 mm
Pth/Py = 0.312 at X = 153.97 mm
CURVE 2
RHO_non-sway = 0.74, are:
Pty/Py = 0.260 at x = 153.97 mm
Pth/Py = 0.311 at X = 153.97 mm
CURVE 3

RHO_non-sway = 1.11, are:
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First YIELD Load = 5.826 kN,
First HINGE Load = 6.991 kN,
POINT 5 of

Run 40) For RHO_sway = 1.85,

First YIELD Load = 5.808 kN,
First HINGE Load = 6.978 kN,
POINT 5 of

Run 41) For RHO_sway = 1.85,
First YIELD Load = 5.782 kN,
First HINGE Load = 6.960 kN,
POINT 5 of
Run 42) For RHO_sway = 1.85,
First YIELD Load = 5.754 kN,
First HINGE Load = 6.940 kN,
POINT 5 of
Run 43) For RHO_sway = 1.85,

First YIELD Load = 5.719 kN,
First HINGE Load = 6.915 kN,
POINT S5 of

Run 44) For RHO_sway = 1.85,
First YIELD Load = 5.682 kN,
First HINGE Load = 6.888 kN,
POINT 5 of
Run 45) For RHO_sway = 1.85,
First YIELD Load = 5.640 kN,
First HINGE Load = 6.857 kN,
POINT 6 of
Run 46) For RHO_sway = 2.22,
First YIELD Load = 5.525 kN,
First HINGE Load = 6.748 kN,
POINT 6 of
Run 47) For RHO_sway = 2.22,
First YIELD Load = 5.516 kN,
First HINGE Load = 6.742 kN,
POINT 6 of
Run 48) For RHO_sway = 2.22,

First YIELD Load = 5.508 kN,
First HINGE Load = 6.735 kN,
POINT 6 of

Run 49) For RHO_sway = 2.22,
First YIELD Load = 5.491 kN,
First HINGE Load = 6.723 kN,
POINT 6 of
Run 50) For RHO_ sway = 2.22,

Pfy/Py = 0.259 at x = 158.93 mm
Pih/Py = 0.311 at X = 158.93 mm
CURVE 4

RHO_non-sway = 1.48, are:
Pfy/Py = 0.258 at x = 158.93 mm
Pfh/Py = 0.310 at X = 158.93 mm
CURVE 5

RHO_non-sway = 1.85, are:
Pfy/Py = 0.257 at x = 163.90 mm
Pfh/Py = 0.310 at X = 163.90 mm

CURVE 6

*  RHO_non-sway = 2.22, are:
Pfy/Py = 0.256 at x = 168.87 mm
Pfh/Py = 0.309 at X = 163.90 mm
CURVE 7

RHO_non-sway = 2.59, are:
Pfy/Py = 0.254 at x = 168.87 mm
Pth/Py = 0.308 at X = 168.87 mm
CURVE 8

RHO_non-sway = 2.96, are:
Pfy/Py = 0.253 at x = 173.83 mm
Pfh/Py = 0.306 at X = 168.87 mm
CURVE 9

RHO_non-sway = 3.33, are:
Pfy/Py = 0.251 at x = 173.83 mm
Pfh/Py = 0.305 at X = 173.83 mm

CURVE 1

RHO_non-sway = 0.37, are:
Pfy/Py = 0.246 at x = 153.97 mm
Pth/Py = 0.300 at X = 149.00 mm

CURVE 2

RHO_non-sway = 0.74, are:
Pty/Py = 0.245 at x = 153.97 mm
Pfh/Py = 0.300 at X = 153.97 mm

CURVE 3

RHO_non-sway = 1.11, are:
Pfy/Py = 0.245 at x = 158.93 mm
Pfh/Py = 0.300 at X = 153.97 mm

CURVE 4

RHO_non-sway = 1.48, are:
Pfy/Py = 0.244 at x = 158.93 mm
Pth/Py = 0.299 at X = 158.93 mm

CURVE 5

RHO_non-sway = 1.85, are:






